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Key concept:

Low-rank Mesoscale Reconstruction

For Images/Networks
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Meoscale Image Reconstruction

Image Reconstruction Problem

* Given an image 4, a reference image B, and a scale parameter k:

+ Can we reconstruct a best approximation 4 of A that resembles B at k X k scale?

Observed image A

Reference image B
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Meoscale Image Reconstruction

Image Reconstruction Problem

* Given an image 4, a reference image B, and a scale parameter k:

+ Can we reconstruct a best approximation 4 of A that resembles B at k X k scale?

Observed image A Reconstructed image 4

Reference image B
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Meoscale Image Reconstruction

Image Reconstruction at mesoscale

Observed
0.0
2.5
5.0
7.5

Q

10.0
12.5
15.0

17.5

Ay: sampled sub-img
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Meoscale Image Reconstruction

Image Reconstruction at mesoscale

k k

Observed Reconstructed
0.0 0.0
2.5 2.5
5.0 5.0
7.5 7.5
10.0 =~ 10.0
12.5 12.5
15.0 15.0
17.5 17.5
Ay: sampled sub-img Ay reconstructed sub-img
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Meoscale Image Reconstruction

Image Reconstruction at mesoscale

Reference image B

Basis images (kxkx3)
k k learned from B

Observed Reconstructed

0.0 0.0

2.5 2.5
5.0 5.0

7.5 7.5

Q

10.0 10.0

a,L; +--+a.L,

12.5 12.5

15.0 15.0

17.5 17.5

~

Ay: sampled sub-img Ay reconstructed sub-img
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Meoscale Image Reconstruction

Image Reconstruction Algorithm

Observed image Reconstructed image Observed

0.0 4
2.51
5.0 4
7.5 4
10.0 -
12.5
15.0

17.5 A

0 5 10 15

Reconstructed

0.0 4
2.5 A

5.0 4

7.5 4
10.0 A
12.5 A
15.0

17.5

0 100 200 300 400 500 600 700 800

Input: Observed image A4; A low-rank approximation oracle R for kxkx3 matrices
Do: A < np.zeros(shape = A.shape)

Repeat:
A) Sample a kxk window x in A uniformly at random;
B) A, « k X k x 3 sub-image of induced on the window x
C) Ay « R(A) : "Low-rank approximation” of A,
D) Add in the weights in 4 at the corresponding pixels in A
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Meoscale Image Reconstruction

Questions in Image Reconstruction

e Reconstruction Error Bound:

e d (A ,ﬁ) < F(scale k, avg.approximation error at kxk scale)?

Observed image A Reconstructed image 4
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Meoscale Image Reconstruction

Questions in Image Reconstruction

» Reconstruction Error Bound:
e d (A ,ﬁ) < F(scale k, avg.approximation error at kxk scale)?
* Dictionary Learning:

* How do we learn the "best’ basis images L, -, L,?

* Can we leverage tensor structure?

Observed image A Reconstructed image 4
5 ‘\"L-. /év

» 5
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Intro to Networks

Networks: Basic language describing complex systems

> In this talk: Simple networks (symmetric 0-1 matrices with 0's on diagonal)

1 2 3 4

1 2 _ _
® s 110 1 0 O
\/ 211 0 1 1
310 1 0 1

4 410 1 1 0

Graph Matrix Pixel picture
* In pixel picture: Cross shape <+ hub node (node 2);

Block shape <> community (nodes 2,3,4)
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Intro to Networks

Networks: Basic language describing complex systems

> In this talk: Simple networks (symmetric 0-1 matrices with 0's on diagonal)

1 2 3 4

1 2 _ _
® s 110 1 0 O
v 211 0 1 1
310 1 0 1

4 410 1 1 0

Graph Matrix Pixel picture
* In pixel picture: Cross shape <+ hub node (node 2);

Block shape <> community (nodes 2,3,4)

» Huge amount of information is being encoded into networks in various domains
(e.g., Social networks, biological networks, brain networks, genetic networks,

citation networks, ecology networks, economic networks, electric power networks,
road networks)

» Developing proper theory and algorithm for network data analysis is becoming more
important
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Intro to Networks

Figure. A 200-node subgraph from
arXiv collaboration network

Figure. Coronavirous PPl network
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Traditional Network Analysis

What do we mean by “Network analysis”?

Figure. A 200-node subgraph from Facebook social network
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Traditional Network Analysis

What do we mean by “Network analysis”?

Communities

Subset of nodes

better connected
with themselves
than to the others

Figure. A 200-node subgraph from Facebook social network
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Traditional Network Analysis

What do we mean by “Network analysis”?

Communities

Subset of nodes

better connected
with themselves
than to the others

4 )
Stochastic Block Model

Figure. A 200-node subgraph from Facebook social network
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Traditional Network Analysis

What do we mean by “Network analysis”?

Hub nodes

Figure. A 200-node subgraph from Facebook social network
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Traditional Network Analysis

What do we mean by “Network analysis”?

Hub nodes
° ®
&
®
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Preferential Attachment 3 . &
model =l
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Figure. A 200-node subgraph from Facebook social network
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Traditional Network Analysis

4 )
UCLA Facebook Network CALTECH Facebook Network
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Traditional Network Analysis

4 )

UCLA Facebook Network CALTECH Facebook Network
A A
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< : Model fitting
I Parameter estimation
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Traditional Network Analysis

-

UCLA Facebook Network

Preferential
Attachment

~
CALTECH Facebook Network
A
<€
Stochastic Block
<
J
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Community detection (« SBM)
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Traditional Network Analysis

4 )
UCLA Facebook Network CALTECH Facebook Network
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Limitations of model-based approach

* How to choose the right model?
* What if there is no right model?

*  What if model fitting is too
expensive?

* Develop new models to explain new
structure?

* Develop new models to explain new
networks?

Local-level
Random Network
Models



Mesoscal Network Analysis
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UCLA Facebook Network

CALTECH Facebook Network
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Mesoscale (intermediate-scale):
Large enough to have rich structures

Small enough to do statistics

We can
compute/learn them
from networks



Mesoscal Network Analysis
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Mesoscale (intermediate-scale):
Large enough to have rich structures

Small enough to do statistics

We can
compute/learn them
from networks

Mesoscale structure of Images

~ Structure involving
kxk sub-images

Observed




Mesoscal Network Analysis
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UCLA Facebook Network
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* Mesoscale (intermediate-scale):
Large enough to have rich structures

Small enough to do statistics

We can
compute/learn them
from networks

* |n this talk:

Mesoscale structure of networks

~ Network Structure
involving k-node subgraphs



Mesoscal Network Analysis

What do we mean by “Mesoscale Network analysis”?

Are there some “important subgraphs (network motifs)"?

Statistically significant

(Surprisingly frequent)
A
transcription neuron synaptic ecologlcal
network connection network food web
X—-»Y represents

NG| C=C—

genex geney

SN D>
SR

Figure. Three node biological Network Motifs (excerpted from [1])

[1] Milo, Ron, et al. "Network motifs: simple building blocks of complex networks." Science 298.5594 (2002): 824-827.

Hanbaek Lyu (UW-Madison)



Low-rank Analysis

Low-rank structure of data matrices

3 a few latent basis vectors

n ¥
< > <«
A A
d X = w
Y Y
Data Dictionary

Hanbaek Lyu (UW-Madison)

Y

A

Code



Low-rank Analysis

Low-rank structure of data matrices

3 a few latent basis vectors

n ¥ n
< > «—> < >
A A
% H
d X = i w
Y Y
Data Dictionary Code

Low-rank structure of networks

3 global community structure/Network kernel

n r n
< = « > < >
A A
) U
n X = n uT .
Community
Structure
\4 \4
Adjacency Mx Community
Assignment
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Low-rank Analysis of Networks

Do networks have low-rank structure?

3 global community structure/Network kernel

n r n
< > <« > >
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Figure. A 200-node subgraph from Facebook social network
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Low-rank Analysis of Networks

Do networks have low-rank structure?

3 global community structure/Network kernel

n T n
< > < >
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Figure. A 200-node subgraph from Facebook social network
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Low-rank Analysis of Networks

Do networks have low-rank structure?

3 global community structure/Network kernel

n r n
<« > >
) U I r
n X = n ur .
Community
Structure
Adjacency Mx Community
Assignment

(- )

Stochastic Block Model

Figure. Coronavirous PPl network
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Low-rank Analysis of Networks

Do networks have low-rank structure?

: ‘ 4
3 global community structure/Network kernel
Impossible to have low-rank

n r n >
approximation of networks with many
r .
* Y triangles among low-degree nodes
" = =n o Community
Structure
adjacency Mx Communtty Degree vs A of ca-HepPh and embeddings
Assignment
c
~ 10 il
$ = Original
o) == svd TDP
= 1ot —— svd LRDP
o —— svd LRHP
JI-I’ —— svd softmax
=3 —— n2v LRDP
<10 —— n2v LRHP
—— n2v softmax
100 10" 102 103

degree c

Figure from [3]

.

[3] Seshadhri, C., et al. "The impossibility of low-rank representations for triangle-rich complex networks." Proceedings of the
National Academy of Sciences 117.11 (2020): 5631-5637.
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Low-rank Analysis of Networks

Do networks have low-rank structure?

: ‘ 4
3 global community structure/Network kernel
Impossible to have low-rank
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Figure from [3]

.

[3] Seshadhri, C., et al. "The impossibility of low-rank representations for triangle-rich complex networks." Proceedings of the
National Academy of Sciences 117.11 (2020): 5631-5637.
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Low-rank Analysis of Networks

Do networks have low-rank structure?

: ‘ 4
3 global community structure/Network kernel
Impossible to have low-rank

) approximation of networks with many
* Y ' triangles among low-degree nodes
n X = n ur .
Community
Structure
adjacency Mx Communtty Degree vs A of ca-HepPh and embeddings
Assignment
c
= 101 sl
$ = Original
o) == svd TDP
= 1ot —— svd LRDP
o —— svd LRHP
JI-I’ —— svd softmax
Do networks have low-rank structure o 10-34 —— n2v LRDP
—— n2v LRHP
at Mesoscale? By
100 101! 102 103
Can we reconstruct networks degree ¢

>
using low-rank approx. at mesoscale?

Figure from [3]

.

[3] Seshadhri, C., et al. "The impossibility of low-rank representations for triangle-rich complex networks." Proceedings of the
National Academy of Sciences 117.11 (2020): 5631-5637.
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Image Dictionary Learning and Reconstruction

-

Original

Dictionary
Learning

Reconstructed

Image
Reconstruction

MR
LN .

~

AINBND <
ol 3 IFIS
Sl -

Image Dictionary of
Mesoscale Shapes
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» Patch-based image processing
(‘06, '08, '09, '10)
« Dictionary learning
« Matrix/Tensor Factorization
» Sparse coding

 Nonconvex constrained
optimization

« Stochastic Optimization for
i.i.d. data
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Network Dictionary Learning and Reconstruction
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Network Dictionary Learning and Reconstruction

4 N\ R
Original Reconstructed MCMC subgraph sampling
(w/ Sivakoff, Memoli, in revision for JMLR)
UCLA Facebook Network
2000 2000 J
2500 o e N
- Network Reconstruction Theory
(w/ Kureh, Vendrow, Porter, 2022+
in revision for Nature Commes.)
\_ J
Network
Dictionary Network' Online Matrix Factorization for Markovian Data
Learning Reconstruction (w/ Needell, Balzano, JMLR '20)
Online Tensor Factorization for Markovian Data
— — (w/ Strohmeier, Needell, JMLR '22)
veln = o 6k,
A = Proximal SGD for Markovian Data
= b (w/ Alacaoglu. '22+)
& ni e First complexity results for
D AT Block Coordinate Descent ('20+)
LB R Online Dictionary Learning ('22+)
L ~— —_— PR Supervised Dictionary Learning ('22+)
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MCMC Subgraph sampling
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Traditional Network Analysis

How do we sample subgraphs from sparse networks?
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Traditional Network Analysis

How do we sample subgraphs from sparse networks?

1. Sample a k-path x © G uniformly at random
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Traditional Network Analysis

Random graph homomorphism sampling

1. Sample a k-path x © G uniformly at random

2. Take the induced subgraph H on x
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Traditional Network Analysis

Random graph homomorphism sampling

1. Sample a k-path x © G uniformly at random

2. Take the induced subgraph H on x

3. Returns a subgraph H with x its Hamiltonian path

Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

Random graph homomorphism sampling

CALTECH

" \ / / 4 \/ \
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Traditional Network Analysis

Random graph homomorphism sampling

CALTECH UCLA

INDOP S
© ENBY N L2V L \:/‘7
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CALTECH UCLA
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V- UG 8% T TA
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Traditional Network Analysis

Random graph homomorphism sampling

CALTECH UCLA

INDOP S
- AN Y NG VL \:/‘7
NUSFAVINNRN

CALTECH UCLA

B QU 12 S
X h @0 e O
V- UG 8% T TA

Mesoscale parameter
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Traditional Network Analysis

Random graph homomorphism sampling

1. Sample a k-path P uniformly at random

Naive approach:

A) Sample k nodes x4, x5, ..., X} uniformly at random
B) If x4, x5, ..., x;, forms a path, done

C) Otherwise, go back to A)

b -4 \

Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

Random graph homomorphism sampling

1. Sample a k-path P uniformly at random

Naive approach:

A) Sample k nodes x4, x5, ..., X} uniformly at random

B) If x4, x5, ..., x}, forms a path, done €<———

For sparse networks, this occurs with
C) Otherwise, reject and go back to A) probability ~ 0

b -4 \
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Traditional Network Analysis

Random graph homomorphism sampling

1. Sample a k-path P uniformly at random

Our approach: ‘
A) Sample a sequence of k-walks (x;) ;¢ using MCMC sampling alg.

B) If x; = (x4, x5, ..., x; ) forms a path, done

Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

Random graph homomorphism sampling

1. Sample a k-path P uniformly at random

Our approach: ‘
A) Sample a sequence of k-walks (x;) ;¢ using MCMC sampling alg.

B) If x¢ = (x1, %2, ..., xx ) forms a path, done  €————Ajready forms a k-walk;

additionally needs to
be a k-path

b -4 \
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Traditional Network Analysis
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Traditional Network Analysis
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Traditional Network Analysis
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Traditional Network Analysis

MCMC motif sampling convergence guarantee

Theorem. (Memoli, L., Sivakoff ‘20+)
If G is non-bipartite, then the MCMC motif sampling algorithm converges to the
uniform distribution over all k-walks in G exponentially fast.

What exponent? — May grow in |G|

Additional “Mixing time" results

obtained
Glauber chain s i —_— ¢ e e
® 4 Position Ll
resampled

$ Pivot move *
generated
. >
Pivot chain -6 —_—> ®
& < @ . ® O
. Pivot move
Pivot move vod
rejected accepte
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Network Reconstruction
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Traditional Network Analysis

Network Reconstruction Algorithm

Input: Observed graph G; A low-rank approximation oracle R for kxk matrices
Do GI‘ECOI’IS < (V(G)' Q))

Repeat:
A) Sample a k-path x € G uniformly at random;

B) Ay, « k X k binary matrix of induced subgraph on x

Observed network Reconstructed network

Observed

00 25 50 75
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Traditional Network Analysis

Network Reconstruction Algorithm

Input: Observed graph G; A low-rank approximation oracle R for kxk matrices
Do Grecons < (V(G)' Q)

Repeat:
A) Sample a k-path x € G uniformly at random;

B) Ay, « k X k binary matrix of induced subgraph on x

C) Ay « R(A) : Low-rank approximation of 4,

Observed network Reconstructed network

Observed

0.0 2.5 5.0 7.5
Reconstructed

00 25 50
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Network Reconstruction Algorithm
Input: Observed graph G; A low-rank approximation oracle R for kxk matrices
Do: Grecons < (V(G), ©)

Repeat:
A) Sample a k-path x € G uniformly at random;
B) Ay, « k X k binary matrix of induced subgraph on x
C) Ay « R(A) : Low-rank approximation of 4,

D) Add in the edge weights in A, between nodes of X in Grecons

Observed network

Reconstructed network

Observed

0.0 2.5 5.0 7.5
Reconstructed

00 25 50
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Network Reconstruction Algorithm
Input: Observed graph G; A low-rank approximation oracle R for kxk matrices
Do: Grecons < (V(G), ©)

Repeat:
A) Sample a k-path x € G uniformly at random;
B) Ay, « k X k binary matrix of induced subgraph on x
C) Ay « R(A) : Low-rank approximation of 4,

D) Add in the edge weights in A, between nodes of X in Gqcons

Observed network

Reconstructed network

Observed

0.0 25 5.0 7.5
Reconstructed
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Network Reconstruction Algorithm
Input: Observed graph G; A low-rank approximation oracle R for kxk matrices
Do: Grecons — (V(G), )

Repeat:
A) Sample a k-path x € G using the MCMC motif-sampling alg.
B) Ay, « k X k binary matrix of induced subgraph on x
C) Ay « R(A) : Low-rank approximation of 4,

D) Add in the edge weights in A, between nodes of X in Gqcons

Observed network

Reconstructed network

Observed

0.0 25 5.0 7.5
Reconstructed

Hanbaek Lyu (UW-Madison)



Network Reconstruction Algorithm
Input: Observed graph G; A low-rank approximation oracle R for kxk matrices
Do: Grecons — (V(G), )

Repeat:
A) Sample a k-walk x € G using the MCMC motif-sampling alg.
B) Ay, « k X k binary matrix of induced subgraph on x
C) Ay « R(A) : Low-rank approximation of 4,

D) Add in the edge weights in A, between nodes of X in Gqcons

Observed network

Reconstructed network

Observed

0.0 25 5.0 7.5
Reconstructed
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Traditional Network Analysis

Observed network Reconstructed network
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Traditional Network Analysis

Observed network Reconstructed network

Observed

0.0 2.5 5.0 7.5
Reconstructed

Observed image Reconstructed image Observed
0.0
25
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10.0
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Reconstructed
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Traditional Network Analysis

Network Reconstruction Guarantee

Theorem. (Ntwk. Recons. Err Bd) (L., Kureh, Vendrow, Porter ‘22+)

Given an observed network G = (V,ﬁl),

.
Network reconstruction alg. = limiting reconstruction network Gyecons = (V, 4).

Furthermore,

2(k1—1) Ex “lAX - Axlll]'

[

JaccardDistance(G, Grecons) <

Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

Image Reconstruction Guarantee

Theorem. (Img. Recons. Err Bd) (L. '22+)

Given an image A € R%*P >3
Image reconstruction alg. - limiting reconstruction image A

Furthermore,

JaccardDistance(4,4) < (e 1)2 “lA Ay |1]

L Mesoscale L Low-rank

parameter mesoscale
|4 v A reconstruction
error

Observed Reconstructed

0.0
2.5
5.0
7.5
10.0
p 2]

X. Unif. random
kxk window

15.0

17.5
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Network Dictionary Learning
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Network Dictionary Learning

Theorem. JaccardDistance(G, Grocons) < 2(k1—1) Ex “le - Ax||1]

e

Observed Reconstructed

2

0.0 2.5 5.0 7.5

Hanbaek Lyu (UW-Madison)



Network Dictionary Learning

2(k1—1) Ex “lAX B AX”l]

Theorem.  JaccardDistance(G, Grecons) <

e

Observed Reconstructed

Rank-r basis for k-node
subgraph adj. mxs.

(8]

2

— a1L1 + oo + arLr

(=2}

vl

0.0 2.5 5.0 7.5
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Network Dictionary Learning

2(k1—1) Ex “lAX B AX”l]

Theorem.  JaccardDistance(G, Grecons) <

e

Observed Reconstructed

Rank-r basis for k-node
subgraph adj. mxs.

(8]

2

— a1L1 + oo + arLr

(=2}

vl

0.0 2.5 5.0 7.5

Choose the basis subgraphs L, ... L, so
that E, [||AX — /ix”l] is minimized!

Hanbaek Lyu (UW-Madison)



Network Dictionary Learning (NDL)

Rank-r basis for k-node
subgraph adj. mxs.
Observed Reconstructed

Q

=a;L, + - +a.L,

0.0 25 5.0 7.5

NDL Problem. min Ey[||Ax — (a;L; + -+ a,.L)l{]

1,...,Lr

where (a4, ...,a,) = argmin ||Ay, — (a;L; + -+ a,-L;)||;

Hanbaek Lyu (UW-Madison)



Network Dictionary Learning

Rank-r basis for k-node
subgraph adj. mxs.
Observed Reconstructed

Q

=a;L, + - +a.L,

0.0 25 5.0 7.5

NDL Problem. min Ey[||Ax — (a;L; + -+ a,.L)l{]

1,..., T

where (a4, ...,a,) = argmin ||Ay, — (a;L; + -+ a,-L;)||;

1. We want Ly, ..., L, to be subgraph adj. mxs - Nonnegativity constraints

Hanbaek Lyu (UW-Madison)



Network Dictionary Learning

Rank-r basis for k-node
subgraph adj. mxs.
Observed Reconstructed

Q

=a;L, + - +a.L,

0.0 25 5.0 7.5

NDL Problem. min Ey[||Ax — (a;L; + -+ a,.L)l{]

1,...,Lr

where (a4, ...,a,) = argmin ||Ay, — (a;L; + -+ a,-L;)||;

1. Wewant Ly, ..., L, to be subgraph adj. mxs = Nonnegativity constraints

2. Itis an online dictionary learning problem where data samples are obtained by
MCMC k-path sampling algorithm on networks

Hanbaek Lyu (UW-Madison)



Network Dictionary Learning

Rank-r basis for k-node
subgraph adj. mxs.
Observed Reconstructed

Q

=a;L, + - +a.L,

0.0 25 5.0 7.5

NDL Problem. min Ey[||Ax — (a;L; + -+ a,.L)l{]

1,...,Lr

where (a4, ...,a,) = argmin ||Ay, — (a;L; + -+ a,-L;)||;

1. Wewant Ly, ..., L, to be subgraph adj. mxs = Nonnegativity constraints

2. Itis an online dictionary learning problem where data samples are obtained by
MCMC k-path sampling algorithm on networks

= Online Nonnegative Matrix Factorization with Markovian data

Hanbaek Lyu (UW-Madison)



Network Dictionary Learning

At 200
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a Image Dictionary
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Network Reconstruction

Latent motifs at various mesoscales

CORONAVIRUS SNAP FB ARX1v H. sAPIENS CALTECH MIT UCLA HARVARD ER, ERy WS, WSo BA, BA, SBM; SBM,
I
& \@ \ qmb \
AN
—
i
Il
o~
I
A '&Q

Pk a7 S
- dp
0
I
~2

Latent motifs capture mesoscale structures at various mesoscales
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Applications of the new methods
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Image cross-reconstruction examples

Reconstructed using d

Original Img

200

250 500 750 250 500 750

Random dictionary

. e T
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i ™
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1000

Reconstructed using e
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Network Reconstruction

Network cross-reconstruction

-

-

Network Y N\ ( .
Global Reconstruction Accuracy vs. Rank of mesoscale used
2 0 400 50 600 700 1.0 1.0
CALTECH + X 0.9
0.8 1
0.9 1
0.7 1
0.6
0.8 1
1.0
0.9 A
A 0.7 1 0.8 1
Network 0.7
Reconstruction | 0.6
. K 0.6 1 . [
..................................... g ,
I, MIT 15
! ~@®— HARVARD
! UCLA |
r:,I\f g :’:"::‘7_' '}/r{f‘ :‘%ﬁz 1 05 'Il —#— CALTECH 0
/’ 2 ‘?2 il T 1 === ERo 0.8 1
B ﬁ ;;m éi o~ ‘ -—— WSy
é\ S oIS f*: //’ —-- Bh 0.7 4
e y . I ,/ —-- SBM, UCLA +— X
ﬁ * -. :%AA :¥£\4 0»4 T T T T T T T T 0.6 T T T T T T T T
, i 9 16 25 36 49 64 81 100 916 25 36 49 64 81 100
f/ ‘,“‘ { {&- -‘,% r (with 6 =0.4) r (with = 0.4)
\ . 1 .
4 3 e ;éq Social Networks can be well-
- - reconstructed by
Dictionary learned low-rank mesoscale
from network X structures
J
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Network Reconstruction

Degree distribution in original and reconstructed networks

CALTECH CORONAVIRUS
3
1 original (clustering=0.409) 10 1 original (clustering=0.039)
el 7=9 (clustering=0.285) ] 1 =25 (clustering=0.027)
102 4 Ll 7=16 (clustering=0.316) 10° 3
] B =25 (clustering=0.370) ]
B =64 (clustering=0.379) 10* 5
3 f
= 0
2 10” 5 [ - | 1
3 0 100 200 300 400
g SNAP FB
g 107 10% 4
= ] ] ] original (clustering=0.606)
L0? 1 1 =25 (clustering=0.567)
10! 4
10° - |
: I I I_Il 100 E I |. . 1 L lll I L .
0 50 100 150 200 250 0 200 400 600 800 1000
degree degree

Network Reconstruction with low-rank mesoscale structure
—> Recovers a degree-truncated network
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Network Reconstruction

Network Denoising

B B

Noise type: +WS Noise type: +ER
| |
Il JACCARD INDEX I DeePWALK Bl JACCARD INDEX I DEeEEPWALK
1.2 M PREFERENTIAL ATTACHMENT I NODE2VEC 1.2 M PREFERENTIAL ATTACHMENT I NODE2VEC
ADAMIC—ADAR INDEX Il NDL+NDR ADAMIC—ADAR INDEX I NDL+NDR
Il SPECTRAL EMBEDDING Il SPECTRAL EMBEDDING
I T e e e e e e T I e e e e e T
0.8 1 0.8
0.6 0.6
0.4 1 0.4 -
0.2 0.2 -
0.0 - 0.0 -
CORONAVIRUS CALTECH SNAP FB ARXIV H. SAPIENS CORONAVIRUS CALTECH SNAP FB ARXIV H. SAPIENS

Our method (NDL+NDR) leverages mesoscale structures

> Performs well for denoising localized noise

Hanbaek Lyu (UW-Madison)




Stochastic Optimization
with Markovian data
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Stochastic Optimization and Empirical Loss Minimization

> Goal: Minimize the expected loss Ex~.[¢(X, 8)] given a loss function ¢
» First attempt: Empirical Loss Minimization

* Background: lim,—, -, Empirical Loss = Expected loss

* Not practical in many cases:

— The empirical loss is often hard to minimize
(e.g., Matrix Factorization)
Empirical Loss

Expected Loss Learning . 1
p g, < argming | W ACGCD
Al E[£(X,)]
Sampling
® ° ® o>
X, X, X, X,

Parameters &

Hanbaek Lyu (UW-Madison)



Network Dictionary Learning

n ¥ n
< > < > < >
A A
X H Ir
d X =~ g w
Y \4
Data Dictionary Code

CYCLE by M.C. Escher

I [[3H1 ! \:\" bl il llll "J i ‘
il ! HI
| 11' i
I (N i | }
i
LU SRS R IIH I]I

Sample image patches

#ofi 1mage patches sampled

MEFeE b ¥,
_INEN oS
AnANT

e

AN

ik

0 100 200 300 400

Hanbaek Lyu (UW-Madison)

Image Dictionary

Code



Network Dictionary Learning

( N\ ™\
Minibatches of flattened .
CYCLE by M.C. Escher image patches Online NMF
IR > Dictionary,
sampling
\. J J

Hanbaek Lyu (UW-Madison)



Network Dictionary Learning

4 Minibatches of flattened

CYCLE by M.C. Escher image patches Online NMF

Y I U BT B Kl . .
1 i MR DR TR 1| 0% t
1 i aett |
e e > Dictionary,
i ) i L R L R
| i T (8 1 A A
i e i
o 1l 1] IE P vl et
il i ‘:m‘ LA z‘f:u‘:x 18 A

| sampling
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Network Dictionary Learning

4 Minibatches of flattened

CYCLE by M.C. Escher . Online NMF
image patches

[ “ fifei® > Dictionary,

11d/7 Dictionary,

ii.d.
sampling

Hanbaek Lyu (UW-Madison)



Network Dictionary Learning

CYCLE by M.C. Escher

4 Minibatches of flattened

image patches

Online NMF
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Network Dictionary Learning

N
Network data Induced Minibatches of flattened Online NMF
subgraphs induced subgraphs
Dictionary,
@ Dictionary,
MCMC Dictionarysy
Motif sampling
: Network Dictionary
N J \

Here minibatches are non-i.i.d. --- functions of the underlying Markov chain

Do we still have convergence of online dictionary learning algoirthms? At what rate?

Hanbaek Lyu (UW-Madison)




Traditional Network Analysis

» Stochastic Majorization-Minimization (SMM) — Mairal [6]
* |teratively minimize majorizing surrogates g, of the empirical loss f,

n
1
1 (6 == > 20X, 0)
k=1
\\\ Surrogate g,,(6)

Loss

Il
N, ]
]
]
1
]
I
’
7
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Traditional Network Analysis

» Stochastic Majorization-Minimization (SMM) — Mairal [6]

* |teratively minimize majorizing surrogates g, of the empirical loss f,

A 1 S
£,(0) = ;; £(X,,6)

Loss

\\\ Surrogate g,,(6)

1
]
1
]
]
!
1
1
1
7

On-1 6
> Online Matrix Factorization in Mairal et al. [8]:
(coding) Hp + argLninHX,, — 0,_1H||F
(surrogate update)  gn(6) < (1 — wa)gn_1(8) + w, - || X — OH,||7

(dictionary update) 6, < argmin g,(0)
6co

Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

» Stochastic Majorization-Minimization (SMM) — Mairal [6]

* |teratively minimize majorizing surrogates g, of the empirical loss f,

A 1 S
£,(0) = ;; £(X,,6)

Loss

\\\ Surrogate g,,(6)

1
]
1
]
]
!
1
1
1
7

» When 6 — ¢(X,0) is convex, 0, — global minimum at rate O(log n/\/n) for i.i.d.
data samples X,

» When 6 — ¢(X, ) is non-convex, 6, — {st. pts. of expected loss} for i.i.d. data
samples X,

Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

Convergence guarantees of stochastic
optimization algorithms for non-i.i.d. data

Theorem. (L., Needell, Balzano, '20 JMLR)

Online dictionary learning algorithm for i.i.d. data

converges a.s. to the set of stationary points even for f(Markovian data).

_ Learning

A

A Loss

9% 90y,
W AL
IR AT ALY
e e
"9‘&;@’%

O
gy
NPT

Wiy

Algs developed for the i.i.d. case

T MCMC Sampling

Parameters 8
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Traditional Network Analysis

Convergence guarantees of stochastic
optimization algorithms for non-i.i.d. data

Theorem. (L., Needell, Balzano, '20 JMLR)
Online dictionary learning algorithm for i.i.d. data

converges a.s. to the set of stationary points even for f(Markovian data).

Theorem. (L., '22+) ’f
Nonconvex Stochastic Majorization-Minimization algorithm for i.i.d. data

converges a.s. to the set of stationary points even for f(Markovian data).

Conv. rate = 0(nl/%) for expected loss, = 0(n'/?) for empirical loss.

Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

Convergence guarantees of stochastic
optimization algorithms for non-i.i.d. data

Theorem. (L., Needell, Balzano, '20 JMLR)
Online dictionary learning algorithm for i.i.d. data

converges a.s. to the set of stationary points even for f(Markovian data).

Theorem. (L., '22+) ’f
Nonconvex Stochastic Majorization-Minimization algorithm for i.i.d. data

converges a.s. to the set of stationary points even for f(Markovian data).

Conv. rate = 0(nl/%) for expected loss, = 0(n'/?) for empirical loss.

Theorem. (Alacaoglu, L., '22+)
Nonconvex, nonsmooth, constrained Stochastic Proximal GD for f(Markovian data)

converges a.s. to the set of stationary points at rate 0(n'/*) for expected loss.

Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

CP-Dictionary Learning for tensor-valued data

sample size

(. IlII < § E
rank

sample size = oo

mode 1

Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

CP-Dictionary Learning for tensor-valued data

sample size

==

sample size — oo rank

/ sample size
“ § §

mode 1

rank

sample size — oo rank

Hanbaek Lyu (UW-Madison)



Students and Postdocs

CP-DL for short-lasting topic detection

> X =words x time x docs
> UW =words x topic, U? = time x topic, U® = docs x topic

<
o

0:1 0.2 0.3 0.4 Oi5 0i6 0.|7
——

_interview, police, man:
interview, nathan, john:
news, sport, new:

police, new, us:

new, says, australia:

~rural, nrn, nsw:

fire, recovery, hot:

tsunami, aid, toll:

budget, federal, may:

man, crash, charged: 10

us, iraq, iraqi: 11

.0 war, anti, rally: 12
3 ovt, closer, pm: 13
= november, 2014, hour: 14
trump, donald, australia: 15
february, 2015, country: 16
december, 2015, hour: 17
australian, open, federer: 18
council, water, plan: 19

swine, flu, case: 20

~ man, death, says: 21
christmas, day, boxing: 22
~wa, man, nsw: 23

election, federal, 2019: 24
weather, news, harvesting: 25

OO~NOOOCTBHBWN—

Figure: From (Kassab, Kryshchenko, L., Molitor, Needell, and Rebrova '21)



Students and Postdocs

CP-DL for learning spatio-temporal brain activity patterns

Spatial Activation Atom # 9 Spatial Activation Temporal activation
1357 91113151719

ok |“|'||||||||||||||I
I----

0 50 100 150 200 250 300 350 400 246 8101214161820 ©

098 ()

50

100 ~

150 A

200 4

250 A

300 -

s 7

Figure. Learning 20 CP-dictionary from video frames on brain activity across the m
ouse cortex.
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Traditional Network Analysis

Tensor CP-Dictionary Learning

> Online CP-dictionary Learning (L., Strohmeier, Needell 20 [5]):

i _ 7 (m) — ¥ — 2
(CP-recons. error) /( \)5-/ ,U=[U",..., U™], H):= |X-0ut(U) x 11 Hll %

~

m-tensor factor matrices CP-dict.

®)
dy X hy : =: Out|d,|U® | d,| UP ds U
+

> Upon arrival of X;, € Ré1**dm,

(

A

fori=1,...,m:

U,(li) € argmin by

Ue Rd ~
U~ U ||<Clwn

Hanbaek Lyu (UW-Madison)

|

hy ‘
h,

§n(U) =1 -wy)gn-10)+ w,¢X,,U, Hy) (m-block multi-convex)



Traditional Network Analysis

Convergence guarantees of stochastic
optimization algorithms for non-i.i.d. data

Theorem. (L., Strohmeier, Needell, ‘22 JMLR)

Online CP-dictionary learning algorithm

converges a.s. to the set of stationary points even for f(Markovian data).

sample size

— E
) X

i) ~ 2

Q

=

sample size = oo rank

rank

sample size

rank
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Traditional Network Analysis

Convergence guarantees of stochastic
optimization algorithms for non-i.i.d. data

Theorem. (L., Strohmeier, Needell, ‘22 JMLR)
Online CP-dictionary learning algorithm

converges a.s. to the set of stationary points even for f(Markovian data).

Theorem. (L., '22+)

Online CP-dictionary learning algorithm

converges a.s. to the set of stationary points even for f(Markovian data).

Conv. rate = 0(nl/%) for expected loss, = 0(n'/?) for empirical loss.

Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

> Online CP-dictionary Learning
* Only bounded memory to learn from infinitely many samples
* Cheaper per-iteration cost than offline methods
* Converges faster than offline methods (empirically)

Synthetic Synthetic Synthetic Synthetic
1.09 —— OCPDL (B = None) 1.09 —— OCPDL (B = None) 104 —— OCPDL (B = None) 104 —— OCPDL (B = None)
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Future/Ongoing Works
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Students and Postdocs

Temporal Network Dictionary Learning

. . .
> b .Z.IK . Prevalence
W ’ ‘f o . . evolution
/ . | ° ° °
o . . . s
% R
N N Y
ts —° o o oS,

Figure. Temporal network dictionary learned from coauthorship network of DBLP fr
om year 1990 to 2018 (top to bottom).
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Students and Postdocs

Supervised Network Dictionary Learning

0

0

500

1000

1500

2000

2500

UCLA Facebook Network

500 1000 1500 2000 2500

DUGHN
BID W (E
AN

T SR | (""- /* (,-
W& w)

'7:‘"2 *L > £ .“o’ "i-*'\
SR

J

300 {8

400

600 8

700 &

Wi i it 0

 BERES Learn not only summarizing, but

500 78

CALTECH Facebook Network
0 100 200 300 400 500 600 700
0 — .

HAN R & discriminating latent motifs?
i % T
e La Ly

High association
to Caltech

..f:-.\
¥
-
Neutral High association

latent motif to UCLA

Hanbaek Lyu (UW-Madison)



Students and Postdocs

Thank you very much!
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Students and Postdocs

References

1. Hanbaek Lyu, Facundo Memoli, and David Sivakoff, “Sampling random graph homomorphis
ms and applications to network data analysis." In revision for Journal of Machine Learning R
esearch. [Preprint, GitHub]

2. Hanbaek Lyu, Christopher Strohmeier, and Deanna Needell, “Online nonnegative tensor fact

orization and CP-Dictionary Learning for Markovian data’ Journal of Machine Learning Rese
arch 23(148):1-50, 2022 [Journal, Preprint, GitHub]

3. Hanbaek Lyu, Deanna Needell, and Laura Balzano, “Online matrix factorization for markovian
data and applications to network dictionary learning." Journal of Machine Learning Research
. 21(251):1-49, 2020 [Journal, Preprint, ,GitHub]

4. Joowon Lee, Hanbaek Lyu, and Weixin Yao, "Supervised Dictionary Learning with Auxiliary C
ovariates" [Preprint, GitHub] (2022)

5. Ahmet Alacaoglu and Hanbaek Lyu, “Convergence and Complexity of Stochastic Subgradient
Methods with Dependent Data for Nonconvex Optimization” Preprint (2022)

6. Hanbaek Lyu, "Stochastic reqularized block majorization-minimization with weakly convex an
d multi-convex surrogates" Preprint (2022)

7. Hanbaek Lyu, Yacoub Kureh, Joshua Vendrow*, and Mason A. Porter, “Learning low-rank mes
oscale structures of networks” (2021) [Preprint, GitHub, Python package “ndlearn’]

8. Hanbaek Lyu, “"Convergence and complexity of block coordinate descent with diminishing ra
dius for nonconvex optimization" Preprint (2020)

Hanbaek Lyu (UW-Madison)


https://arxiv.org/abs/1910.09483
https://github.com/HanbaekLyu/motif_sampling
https://jmlr.org/papers/v23/21-0419.html
https://arxiv.org/abs/2009.07612
https://github.com/HanbaekLyu/OnlineCPDL
https://jmlr.org/papers/v21/20-444.html
https://arxiv.org/abs/1911.01931
https://github.com/HanbaekLyu/ONMF_ONTF_NDL
https://arxiv.org/abs/2206.06774
https://github.com/ljw9510/SDL
https://arxiv.org/abs/2203.15797
https://arxiv.org/abs/2201.01652
https://arxiv.org/abs/2102.06984
https://github.com/HanbaekLyu/NDL_paper
https://pypi.org/project/ndlearn/
https://arxiv.org/abs/2012.03503

Traditional Network Analysis

Sketch of proof (Handling Markovian Dependence)

surrogate error at time n

—~

(Relaxation error) := gn(0n) -

(Optimality gap), := [|Vg(6a) —V(6h)l|7
N——

1 to 0O

Hanbaek Lyu (UW-Madison)
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Traditional Network Analysis

Sketch of proof (Handling Markovian Dependence)

(Relaxation error) :=

(Optimality gap), := [|Vg(6a) —V(6h)l|7
N——

surrogate error at time n

—
gn(0n)

1 to 0O

> Lem 1: Z wp E[A,] < Abs. Const. < oo.

n=0

> Lem 2: O(E[An] — E[An_1]) = O(wa).

Hanbaek Lyu (UW-Madison)

empirical error at time n

- ( not today:) )



Traditional Network Analysis

Sketch of proof (Handling Markovian Dependence)

surrogate error at time n empirical error at time n
. H\ A
(Relaxation error) := gn(0n) — fn(0n) >0

(Optimality gap), := [|Vg(6a) —V(6h)l|7
N——

1 to 0O

> Lem 1: Z wp E[A,] < Abs. Const. < oo.
n=0

> Lem 2: O(E[A,] — E[A,_1]) = O(w,). -+« ( not today:) )

* From this, one can deduce

(1) A, — 0 a.s. asn— oo,

C
2 min su Ap,=0| =— a.a.s.
( ) 1<k<n initializ[:tion (Ek_o Wk)

Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

Sketch of proof (Handling Markovian Dependence)

» After some nontrivial work, one can show

00 00
Z Wn+1]E[An] <c+oeo Z Wht1 E E(Xn+1a 9,1) - fn(en)
"—0 "—0 | N~

random loss at time n+ 1  empirical loss at time n
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Traditional Network Analysis

Sketch of proof (Handling Markovian Dependence)

» After some nontrivial work, one can show

0o oo
§ Wn—l—l]E[An] S 1+ § Wn+1 E E(Xn+1,9n) - fn(en)
n=0 n=0 S— S~
_random loss at time n+ 1  empirical loss at time n|

7|

» Standard approach for the i.i.d. case:

. E [0(Xns1,0n) — Fo(02)] = E |E | 6(Xns1, 02) — £o(60)

=E | Exurl0(X,0,)] — fo(60)

| O(wp+/n) uniformly by uniform CLT_
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Traditional Network Analysis

Sketch of proof (Handling Markovian Dependence)

» After some nontrivial work, one can show

0o oo
§ Wn+1]E[An] <c+oeo § Wht1 E E(Xn+1,9n) - fn(en)
n=0 n=0 ~ M M
_random loss at time n+ 1  empirical loss at time n|

» Standard approach for the i.i.d. case:

. E [0(Xns1,0n) — Fo(02)] = E |E | 6(Xns1, 02) — £o(60)

7|

=E | Exurl0(X,0,)] — fo(60)

| O(wp+/n) uniformly by uniform CLT_

* So the RHS above is < C>"%°, wiy/n < co.

c.f.

— w, = stepsize in SGD

— Nonconvex, unconstrained SGD convergence requires > W2 < 00

— This is where we get O(1/n'/*) SMM convergence instead of O(1/n'/?) in

SGD
Hanbaek Lyu (UW-Madison)



Traditional Network Analysis

Sketch of proof (Handling Markovian Dependence)

» After some nontrivial work, one can show

(o o] (o]
> wniE[As] <+ ) wapn |E €(Xnt1,
n=0 n=0

» Qur approach for the dependent case:

| — N~
random loss at time n+ 1  empirical loss at time n

0n) — fn(6n)

* Condition on distant past F,_ ; instead of the recent history F:

E[(Xn, 0,) — f2(0,)] = E []E !E(XnH, 0n) —

=E | Exx[(X,0,)] — f,_ /5(6n)

| O(wp+/n) uniformly by MC uniform CLT |

* Again, the RHS above is < C' Y%, wiy/n < co.

Hanbaek Lyu (UW-Madison)

fa(6n)

o]

+ Cllm — m(xa| Foe ym)ll v

MC mixing: O(exp(—+/n))




