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Low-rank Mesoscale

For Images/Networks
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Meoscale Image Reconstruction 

Image Reconstruction Problem

𝑨

a best approximation "𝑨 of 𝑨 that resembles 𝑩 at 𝑘 × 𝑘 scale

Observed image 𝑨

Reference image 𝑩
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Image Reconstruction Problem

𝑨

a best approximation "𝑨 of 𝑨 that resembles 𝑩 at 𝑘 × 𝑘 scale

Observed image 𝑨 Reconstructed image "𝑨

Reference image 𝑩

𝑘
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Meoscale Image Reconstruction 
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Image Reconstruction at mesoscale

A𝐱: sampled sub-img $𝐴𝐱: reconstructed sub-img 
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Image Reconstruction Algorithm

Input:  Observed image 𝐴; A low-rank approximation oracle ℛ for 𝑘×𝑘×3 matrices

Do: 9𝐴 ← np. zeros(shape = 𝐴. shape)

Repeat: 
A) Sample a 𝑘×𝑘 window 𝐱 in 𝐴 uniformly at random; 

B) 𝐴𝐱 ← 𝑘 × 𝑘 × 3 sub-image of induced on the window 𝐱

C) 9𝐴𝐱 ← ℛ 𝐴 ∶ “Low-rank approximation” of 𝐴𝐱
D) Add in the weights in 9𝐴𝐱 at the corresponding pixels in 9𝐴

(edge weights are normalized at the end or recursively)

Meoscale Image Reconstruction 
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• Reconstruction Error Bound: 

• 𝑑 𝑨 , )𝑨 ≤ 𝐹 scale 𝑘, avg. approximation error at 𝑘×𝑘 scale ?

• Dictionary Learning:

• How do we learn the `best’ basis images 𝐿", ⋯ , 𝐿#?

• Can we leverage tensor structure?

Observed image 𝑨 Reconstructed image "𝑨

Reference image 𝑩

𝑘
𝑘

Questions in Image Reconstruction 

Meoscale Image Reconstruction 
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• Reconstruction Error Bound: 

• 𝑑 𝑨 , )𝑨 ≤ 𝐹 scale 𝑘, avg. approximation error at 𝑘×𝑘 scale ?

• Dictionary Learning:

• How do we learn the `best’ basis images 𝐿", ⋯ , 𝐿#?

• Can we leverage tensor structure?

Questions in Image Reconstruction 

Observed image 𝑨 Reconstructed image "𝑨

Reference image 𝑩

𝑘
𝑘

Meoscale Image Reconstruction 
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Coronavirous PPI arXiv

Intro to Networks
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Traditional Network Analysis

What do we mean by “Network analysis”?

Facebook



Hanbaek Lyu (UW-Madison)

Traditional Network Analysis

Subset of nodes 
better connected 
with themselves 

than to the others 

What do we mean by “Network analysis”?

Facebook
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Traditional Network Analysis

Nodes that have 
exceptionally large 

degree

What do we mean by “Network analysis”?
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Traditional Network Analysis
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Nodes that have 
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degree
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Traditional Network Analysis

CALTECH Facebook NetworkUCLA Facebook Network
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Traditional Network Analysis

CALTECH Facebook NetworkUCLA Facebook Network
Limitations of model-based approach 
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Mesoscal Network Analysis

CALTECH Facebook NetworkUCLA Facebook Network

Large enough to have rich structures

Small enough to do statistics

We can 
compute/learn them 
from networks
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Mesoscal Network Analysis

CALTECH Facebook NetworkUCLA Facebook Network

Large enough to have rich structures

Small enough to do statistics

We can 
compute/learn them 
from networks

Mesoscale structure of Images
≈ Structure involving
𝑘×𝑘 sub-images
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CALTECH Facebook NetworkUCLA Facebook Network

k-node subgraphs

Large enough to have rich structures

Small enough to do statistics

We can 
compute/learn them 
from networks

Mesoscal Network Analysis
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What do we mean by “Mesoscale Network analysis”?

Network Motifs (excerpted from [1])

Are there some “important subgraphs (network motifs)”? 

Statistically significant
(Surprisingly frequent)

Mesoscal Network Analysis
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Low-rank structure of data matrices

∃ a few latent basis vectors

Low-rank Analysis
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Low-rank structure of data matrices

∃ a few latent basis vectors
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Do networks have low-rank structure?

Facebook
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Do networks have low-rank structure?
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Do networks have low-rank structure?
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Do networks have low-rank structure?
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Low-rank Analysis of Networks

Seshadhri, C., et al. "The impossibility of low-rank representations for triangle-rich complex networks." Proceedings of the 
National Academy of Sciences 117.11 (2020): 5631-5637.

Impossible to have low-rank 
approximation many 

triangles among low-degree nodes

∃ global community structure/Network kernel 
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Do networks have low-rank structure?
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National Academy of Sciences 117.11 (2020): 5631-5637.

Impossible to have low-rank 
approximation many 

triangles among low-degree nodes

∃ global community structure/Network kernel 

Do networks have low-rank structure
at Mesoscale?
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Do networks have low-rank structure?
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Low-rank Analysis of Networks

Seshadhri, C., et al. "The impossibility of low-rank representations for triangle-rich complex networks." Proceedings of the 
National Academy of Sciences 117.11 (2020): 5631-5637.

Impossible to have low-rank 
approximation many 

triangles among low-degree nodes

∃ global community structure/Network kernel 

Do networks have low-rank structure
at Mesoscale?

Can we reconstruct networks
using low-rank approx. at mesoscale?

⟷



Dictionary 
Learning

Image 
Reconstruction
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• Matrix/Tensor Factorization 
• Sparse coding 
• Nonconvex constrained 

optimization
• Stochastic Optimization for 

i.i.d. data

Image Dictionary Learning and Reconstruction



Network 
Dictionary 
Learning

UCLA Facebook Network

Hanbaek Lyu (UW-Madison)

CALTECH Facebook Network

Network 
Reconstruction 

Network 
Dictionary 
Learning

Network 
Reconstruction 

Mesoscale Subgraphs

Network Dictionary Learning and Reconstruction
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Learning

UCLA Facebook Network
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Network 
Reconstruction 

Network Dictionary Learning and Reconstruction

Caltech UCLA ER1 BA2 WS2 SBM1Caltech UCLA ER1 BA2 WS2 SBM1

Alacaoglu
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Traditional Network Analysis

How do we sample subgraphs from sparse networks?



Hanbaek Lyu (UW-Madison)

Traditional Network Analysis

𝑘-path
Uniformly random injective graph homomorphism 𝜑 ∶ 𝑃$ ↪ 𝐺

How do we sample subgraphs from sparse networks?

𝐱 = 𝑥", 𝑥%, … , 𝑥$ , 𝑥& ∼ 𝑥&'", 𝑥&(𝑠 distinct
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Traditional Network Analysis

𝑘-path
Uniformly random injective graph homomorphism 𝜑 ∶ 𝑃$ ↪ 𝐺

induced subgraph

Random graph homomorphism sampling

𝐱 = 𝑥", 𝑥%, … , 𝑥$ , 𝑥& ∼ 𝑥&'", 𝑥&(𝑠 distinct
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Traditional Network Analysis

𝑘-path
Uniformly random injective graph homomorphism 𝜑 ∶ 𝑃$ ↪ 𝐺

induced subgraph

Hamiltonian path

Random graph homomorphism sampling

𝐱 = 𝑥", 𝑥%, … , 𝑥$ , 𝑥& ∼ 𝑥&'", 𝑥&(𝑠 distinct
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Traditional Network Analysis

Random graph homomorphism sampling

𝑘 = 10
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Traditional Network Analysis

Random graph homomorphism sampling

𝑘 = 10

𝑘 = 20
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Traditional Network Analysis

Random graph homomorphism sampling

𝑘 = 10

𝑘 = 20

Mesoscale parameter
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Traditional Network Analysis

Random graph homomorphism sampling

1. Sample a 𝑘-path 𝑃 uniformly at random
Uniformly random injective graph homomorphism 𝜑 ∶ 𝑃$ ↪ 𝐺

Naïve approach:
A) Sample nodes 𝑥", 𝑥#, … , 𝑥$ uniformly at random  

B) If 𝑥", 𝑥#, … , 𝑥$ forms a path, done 

C) Otherwise, go back to A)
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Traditional Network Analysis

Random graph homomorphism sampling

1. Sample a 𝑘-path 𝑃 uniformly at random
Uniformly random injective graph homomorphism 𝜑 ∶ 𝑃$ ↪ 𝐺

Naïve approach:
A) Sample nodes 𝑥", 𝑥#, … , 𝑥$ uniformly at random  

B) If 𝒙𝟏, 𝒙𝟐, … , 𝒙𝒌 forms a path, done

C) Otherwise, reject and go back to A)
For sparse networks, this occurs with 
probability ≈ 0
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Traditional Network Analysis

Random graph homomorphism sampling

1. Sample a 𝑘-path 𝑃 uniformly at random
Uniformly random injective graph homomorphism 𝜑 ∶ 𝑃$ ↪ 𝐺

Our approach:
A) Sample a sequence of 𝒌-walks 𝐱𝒕 𝒕)𝟎 using MCMC sampling alg.  

B) If 𝐱𝒕 = 𝑥", 𝑥#, … , 𝑥$ forms a path, done 

C) Otherwise, go back to A)

Nodes may overlap
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Traditional Network Analysis

Random graph homomorphism sampling

1. Sample a 𝑘-path 𝑃 uniformly at random
Uniformly random injective graph homomorphism 𝜑 ∶ 𝑃$ ↪ 𝐺

Our approach:
A) Sample a sequence of 𝒌-walks 𝐱𝒕 𝒕)𝟎 using MCMC sampling alg.  

B) If 𝐱𝒕 = 𝑥", 𝑥#, … , 𝑥$ forms a path, done 

C) Otherwise, go back to A)
Already forms a 𝑘-walk;
additionally needs to 
be a 𝑘-path

Nodes may overlap
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Traditional Network Analysis

𝑘 = 5
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Traditional Network Analysis

𝑘 = 10
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Traditional Network Analysis

𝑘 = 20
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Traditional Network Analysis

Theorem. (Memoli, L., Sivakoff ‘20+)

If 𝐺 is non-bipartite, then the MCMC motif sampling algorithm converges to the

uniform distribution over all 𝑘-walks in 𝐺 exponentially fast. 

MCMC motif sampling convergence guarantee 

What exponent? – May grow in 𝐺

Additional ”Mixing time”  results 
obtained
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Traditional Network Analysis

Network Reconstruction Algorithm

Input:  Observed graph 𝐺; A low-rank approximation oracle ℛ for 𝑘×𝑘 matrices

Do: 𝐺)*+,-. ← (𝑉 𝐺 , ∅)

Repeat: 
A) Sample a 𝑘-path 𝐱 ⊆ 𝐺 uniformly at random; 

B) 𝐴𝐱 ← 𝑘 × 𝑘 binary matrix of induced subgraph on 𝐱

C) 9𝐴𝐱 ← ℛ 𝐴 ∶ Low-rank approximation of 𝐴𝐱
D) Add in the edge weights in 9𝐴𝐱 between nodes nodes of 𝐱 in 𝐺)*+,-.

(edge weights are normalized at the end or recursively)
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Traditional Network Analysis

Network Reconstruction Algorithm
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Traditional Network Analysis

Network Reconstruction Algorithm

Input:  Observed graph 𝐺; A low-rank approximation oracle ℛ for 𝑘×𝑘 matrices

Do: 𝐺)*+,-. ← (𝑉 𝐺 , ∅)

Repeat: 
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Traditional Network Analysis

Network Reconstruction Algorithm

Input:  Observed graph 𝐺; A low-rank approximation oracle ℛ for 𝑘×𝑘 matrices

Do: 𝐺)*+,-. ← (𝑉 𝐺 , ∅)

Repeat: 
A) Sample a 𝑘-path 𝐱 ⊆ 𝐺 uniformly at random; 

B) 𝐴𝐱 ← 𝑘 × 𝑘 binary matrix of induced subgraph on 𝐱

C) 9𝐴𝐱 ← ℛ 𝐴 ∶ Low-rank approximation of 𝐴𝐱
D) Add in the edge weights in 9𝐴𝐱 between nodes of 𝐱 in 𝐺)*+,-.

(edge weights are normalized at the end or recursively)
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Traditional Network Analysis

Network Reconstruction Algorithm

Input:  Observed graph 𝐺; A low-rank approximation oracle ℛ for 𝑘×𝑘 matrices

Do: 𝐺)*+,-. ← (𝑉 𝐺 , ∅)

Repeat: 
A) Sample a 𝑘-path 𝐱 ⊆ 𝐺 using the MCMC motif-sampling alg.

B) 𝐴𝐱 ← 𝑘 × 𝑘 binary matrix of induced subgraph on 𝐱

C) 9𝐴𝐱 ← ℛ 𝐴 ∶ Low-rank approximation of 𝐴𝐱
D) Add in the edge weights in 9𝐴𝐱 between nodes of 𝐱 in 𝐺)*+,-.

(edge weights are normalized at the end or recursively)
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Traditional Network Analysis

Network Reconstruction Algorithm

Input:  Observed graph 𝐺; A low-rank approximation oracle ℛ for 𝑘×𝑘 matrices

Do: 𝐺)*+,-. ← (𝑉 𝐺 , ∅)

Repeat: 
A) Sample a 𝒌-walk 𝐱 ⊆ 𝐺 using the MCMC motif-sampling alg.

B) 𝐴𝐱 ← 𝑘 × 𝑘 binary matrix of induced subgraph on 𝐱

C) 9𝐴𝐱 ← ℛ 𝐴 ∶ Low-rank approximation of 𝐴𝐱
D) Add in the edge weights in 9𝐴𝐱 between nodes of 𝐱 in 𝐺)*+,-.

(edge weights are normalized at the end or recursively)
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Traditional Network Analysis
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Traditional Network Analysis
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Traditional Network Analysis

Theorem. (Ntwk. Recons. Err Bd) (L., Kureh, Vendrow, Porter ‘22+)

JaccardDistance 𝐺, 𝐺!"#$%& ≤ '
( )*'

𝔼+ 𝐴𝐱 − A𝐴𝐱 ' .

Given an observed network 𝐺 = 𝑉, 𝐴 ,

Network reconstruction alg. → limiting reconstruction network 𝐺)*+,-. = (𝑉, 9𝐴).

Furthermore, 

Mesoscale 
parameter

Low-rank 
mesoscale 
reconstruction 
error

𝐴 − 9𝐴
𝐴 ∨ 9𝐴

Network Reconstruction Guarantee 

(wtd) Adj. mx
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Theorem. (Img. Recons. Err Bd) (L. ‘22+)

JaccardDistance 𝑨, C𝑨 ≤ '
)*' ! 𝔼𝐱 𝑨𝐱 − C𝑨𝐱 ' .

Given an image 𝑨 ∈ ℝ/×1 ×2

Image reconstruction alg. → limiting reconstruction image "𝑨

Furthermore, 

Mesoscale 
parameter

Low-rank 
mesoscale 
reconstruction 
error

𝐴 − 9𝐴
𝐴 ∨ 9𝐴

Image Reconstruction Guarantee 

𝐱: Unif. random 
𝑘×𝑘 window

≈

𝑨𝐱 C𝑨𝐱
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Theorem. JaccardDistance 𝐺, 𝐺!"#$%& ≤ '
( )*'

𝔼+ 𝐴𝐱 − A𝐴𝐱 '

Sampled 𝑘×𝑘
subgraph adj. mx

Uniformly 
random 𝑘-path

Rank-𝑟 approx. 
of 𝐴𝐱

≈

Network Dictionary Learning
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Theorem. JaccardDistance 𝐺, 𝐺!"#$%& ≤ '
( )*'

𝔼+ 𝐴𝐱 − A𝐴𝐱 '

Sampled 𝑘×𝑘
subgraph adj. mx

Uniformly 
random 𝑘-path

Rank-𝑟 approx. 
of 𝐴𝐱

≈ = 𝑎!𝐿! +⋯+ 𝑎"𝐿"

Rank-𝑟 basis for k-node 
subgraph adj. mxs.

Choose the basis subgraphs 𝐿", … 𝐿# so 
that 𝔼3 𝐴𝐱 − 9𝐴𝐱 " is minimized! 

Network Dictionary Learning
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Network Dictionary Learning (NDL)

min
-",…,-#

𝔼+ 𝐴𝐱 − (𝑎'𝐿' +⋯+ 𝑎0𝐿0) '

where (𝑎", … , 𝑎#) = argmin 𝐴𝐱 − (𝑎"𝐿" +⋯+ 𝑎#𝐿#) "

NDL Problem.

1. We want 𝐿", … , 𝐿+ to be subgraph adj. mxs → Nonnegativity constraints   

2. It is an online dictionary learning problem where data samples are obtained by 
MCMC 𝑘-path sampling algorithm on networks 

à Online Nonnegative Matrix Factorization with Markovian data
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Stochastic Nonconvex constrained problem

NDL Problem.



Hanbaek Lyu (UW-Madison)

Network Dictionary Learning

min
-",…,-#

𝔼+ 𝐴𝐱 − (𝑎'𝐿' +⋯+ 𝑎0𝐿0) '

where (𝑎", … , 𝑎#) = argmin 𝐴𝐱 − (𝑎"𝐿" +⋯+ 𝑎#𝐿#) "

1. We want 𝐿", … , 𝐿+ to be subgraph adj. mxs → Nonnegativity constraints

2. It is an online dictionary learning problem where data samples are obtained by 
MCMC 𝑘-path sampling algorithm on networks 

à Online Nonnegative Matrix Factorization with Markovian data

Stochastic nonconvex constrained problem

NDL Problem.



Hanbaek Lyu (UW-Madison)

Network Dictionary Learning

min
-",…,-#

𝔼+ 𝐴𝐱 − (𝑎'𝐿' +⋯+ 𝑎0𝐿0) '

where (𝑎", … , 𝑎#) = argmin 𝐴𝐱 − (𝑎"𝐿" +⋯+ 𝑎#𝐿#) "

1. We want 𝐿", … , 𝐿+ to be subgraph adj. mxs → Nonnegativity constraints

2. It is an online dictionary learning problem where data samples are obtained by 
MCMC 𝑘-path sampling algorithm on networks 

à Online Nonnegative Matrix Factorization with Markovian data

Stochastic nonconvex constrained problem

NDL Problem.
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Network Dictionary  Network Dictionary  

Image 

Image Dictionary  b c 

CALTECH Facebook Network UCLA Facebook Network 

a 

=:Latent motifs
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Latent motifs at various mesoscales 

Network Reconstruction
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Image cross-reconstruction examples

Original Img Reconstructed using d Reconstructed using e

Random dictionary Dictionary learned from f
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Network 
Reconstruction

low-rank mesoscale 
structures

Network Reconstruction

Dictionary learned 
from network 𝑋

Network 𝑌

Network cross-reconstruction 



Hanbaek Lyu (UW-Madison)

low-rank
degree-truncated network

Degree distribution in original and reconstructed networks 

Network Reconstruction
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Network Denoising

Network Reconstruction

localized noise

Adding Watts-
Strogatz edges

Adding uniformly 
random edges
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Stochastic Optimization and Empirical Loss Minimization
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Minibatches of flattened 
image patches  Online NMF 

Dictionaryଵ 

CYCLE by M.C. Escher 

i.i.d.  
sampling 

Minibatches of flattened 
image patches  Online NMF 

Dictionaryଵ 

CYCLE by M.C. Escher 

i.i.d. 
i.i.d.  
sampling 
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Dictionary! 

Minibatches of flattened 
image patches  Online NMF CYCLE by M.C. Escher 

 Dictionary" 

i.i.d. 

i.i.d.  
sampling 

Dictionary! 

Minibatches of flattened 
image patches  

⋮ 

Online NMF 

⋮ 

Dictionary" 

Dictionary# 

CYCLE by M.C. Escher 

 

i.i.d. 

i.i.d. i.i.d.  
sampling 
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Dictionaryଶ 

Minibatches of flattened 
image patches  Online NMF 

Dictionaryଵ 

CYCLE by M.C. Escher 

i.i.d. 
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sampling 

Dictionaryଶ 
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Online NMF 
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Dictionaryଵ 

Dictionaryଷ 

CYCLE by M.C. Escher 
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i.i.d. i.i.d.  
sampling 
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⋮ 

⋮ 

Dictionary! 

Dictionary" 

Dictionary# 

⋮ 

 

correlated 

correlated 

Network data Induced 
subgraphs 

Minibatches of flattened 
induced subgraphs  

Motif sampling 
MCMC  

Online NMF 

Network	Dictionary 
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+ 
subgraphs	induced	
on	a	4 − chain  

Here minibatches are non-i.i.d. --- functions of the underlying Markov chain

Do we still have convergence of online dictionary learning algoirthms? At what rate? 
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Traditional Network Analysis

Convergence guarantees of stochastic 
optimization algorithms for non-i.i.d. data 

Theorem. (L., Needell, Balzano, ’20 JMLR)

Online dictionary learning algorithm for i.i.d. data

converges a.s. to the set of stationary points even for f(Markovian data).
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Traditional Network Analysis

Convergence guarantees of stochastic 
optimization algorithms for non-i.i.d. data 

Theorem. (L., Needell, Balzano, ’20 JMLR)

Online dictionary learning algorithm for i.i.d. data

converges a.s. to the set of stationary points even for f(Markovian data).

Theorem. (L., ’22+)

Nonconvex Stochastic Majorization-Minimization algorithm for i.i.d. data

converges a.s. to the set of stationary points even for f(Markovian data). 

Conv. rate = 𝑂(𝑛"/-) for expected loss, = 𝑂(𝑛"/#) for empirical loss.

Generalizes Online DL algs. 
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Convergence guarantees of stochastic 
optimization algorithms for non-i.i.d. data 

Theorem. (L., Needell, Balzano, ’20 JMLR)

Online dictionary learning algorithm for i.i.d. data

converges a.s. to the set of stationary points even for f(Markovian data).

Theorem. (L., ’22+)

Nonconvex Stochastic Majorization-Minimization algorithm for i.i.d. data

converges a.s. to the set of stationary points even for f(Markovian data). 

Conv. rate = 𝑂(𝑛"/-) for expected loss, = 𝑂(𝑛"/#) for empirical loss.

Generalizes Online DL algs. 

Theorem. (Alacaoglu, L., ’22+)

Nonconvex, nonsmooth, constrained Stochastic Proximal GD for f(Markovian data)

converges a.s. to the set of stationary points at rate 𝑂(𝑛"/-) for expected loss.
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Students and Postdocs

CP-DL for short-lasting topic detection
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(𝑎) (𝑏) (𝑐) 

Spatial Activation Atom # 9 Temporal activation Spatial Activation 

 
0 sec 

2 sec 

Figure. Learning 20 CP-dictionary from video frames on brain activity across the m
ouse cortex. 

CP-DL for learning spatio-temporal brain activity patterns
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Tensor CP-Dictionary Learning 
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Convergence guarantees of stochastic 
optimization algorithms for non-i.i.d. data 

Theorem. (L., Strohmeier, Needell, ’22 JMLR)

Online CP-dictionary learning algorithm 

converges a.s. to the set of stationary points even for f(Markovian data).
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Convergence guarantees of stochastic 
optimization algorithms for non-i.i.d. data 

Theorem. (L., Strohmeier, Needell, ’22 JMLR)

Online CP-dictionary learning algorithm 

converges a.s. to the set of stationary points even for f(Markovian data).

Theorem. (L., ’22+)

Online CP-dictionary learning algorithm 

converges a.s. to the set of stationary points even for f(Markovian data). 

Conv. rate = 𝑂(𝑛"/-) for expected loss, = 𝑂(𝑛"/#) for empirical loss.
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Temporal Network Dictionary Learning 

Figure. Temporal network dictionary learned from coauthorship network of DBLP fr
om year 1990 to 2018 (top to bottom). 
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Supervised Network Dictionary Learning 

Learn not only summarizing, but 
discriminating latent motifs?

association 
to Caltech

association 
to UCLA

Neutral 
latent motif
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Preprint GitHub

Journal Preprint GitHub

Journal Preprint, GitHub

Preprint GitHub

Preprint

Preprint

Preprint GitHub Python package “ndlearn”

Preprint

https://arxiv.org/abs/1910.09483
https://github.com/HanbaekLyu/motif_sampling
https://jmlr.org/papers/v23/21-0419.html
https://arxiv.org/abs/2009.07612
https://github.com/HanbaekLyu/OnlineCPDL
https://jmlr.org/papers/v21/20-444.html
https://arxiv.org/abs/1911.01931
https://github.com/HanbaekLyu/ONMF_ONTF_NDL
https://arxiv.org/abs/2206.06774
https://github.com/ljw9510/SDL
https://arxiv.org/abs/2203.15797
https://arxiv.org/abs/2201.01652
https://arxiv.org/abs/2102.06984
https://github.com/HanbaekLyu/NDL_paper
https://pypi.org/project/ndlearn/
https://arxiv.org/abs/2012.03503
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Sketch of proof (Handling Markovian Dependence)


