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Introduction

Interacting random walks on graphs

Ï Coalescing random walk on a graph G:
• Initially every vertex has a single particle (of type A)
• Each particles perform simple random walk at rate 1

• Collision rule: A+ A → A (no other interaction)

0 200 400 600 800

Coalescing random walk on Z/1000Z (p =1)
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Introduction

Interacting random walks on graphs

Ï Annihilating random walk on a graph G:
• Initially every vertex has a single particle (of type A)
• Each particles perform simple random walk at rate 1

• Collision rule: A+ A →; (no other interaction)

0 200 400 600 800

Annihilating random walk on Z/1000Z (p =1)
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Introduction

Interacting random walks on graphs

Ï Two-type diffusion limited annihilating systems (DLAS) on a graph G:
• Initially every vertex has a particle that is independently of type A with probability

p = p A and otherwise is of type B .
• A-particles perform simple random walk at rate λA and B-particles at rate λB .
• Collision rule: A+B →; (no other interaction)

Ï Totally Symmetric DLAS: p = 0.5, λA =λB = 1

0 200 400 600 800

Totally Symmetric DLAS on Z/1000Z (p =0.5)
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Interacting random walks on graphs

Ï Two-type diffusion limited annihilating systems (DLAS) on a graph G:
• Initially every vertex has a particle that is independently of type A with probability

p = p A and otherwise is of type B .
• A-particles perform simple random walk at rate λA and B-particles at rate λB .
• Collision rule: A+B →; (no other interaction)

Ï Symmetric DLAS with less A-particles: p = 0.4, λA =λB = 1
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Symmetric DLAS on Z/1000Z (p =0.4)
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Introduction

Interacting random walks on graphs

Ï Two-type diffusion limited annihilating systems (DLAS) on a graph G:
• Initially every vertex has a particle that is independently of type A with probability

p = p A and otherwise is of type B .
• A-particles perform simple random walk at rate λA and B-particles at rate λB .
• Collision rule: A+B →; (no other interaction)

Ï Aymmetric DLAS with slow B-particles: p = 0.5, λA = 1, λB = 1/10

0 200 400 600 800

Asymmetric DLAS on Z/1000Z (p =0.5)
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Introduction

Interacting random walks on graphs

Ï Totally asymmetric DLAS on a graph G:
• Initially every vertex has a particle that is independently of type A with probability

p = p A and otherwise is of type B .
• A-particles perform simple random walk at rate 1 and B-particles at rate 0
• Collision rule: A+B →; (no other interaction)

Ï a.k.a. the critical parking process (p = 0.5, A-particles = Cars, B-particles = Spots)

0 200 400 600 800

Totally Asymmetric DLAS on Z/1000Z (p =0.5)
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Introduction

Interacting random walks on graphs

Ï Totally asymmetric DLAS on a graph G:
• Initially every vertex has a particle that is independently of type A with probability

p = p A and otherwise is of type B .
• A-particles perform simple random walk at rate 1 and B-particles at rate 0
• Collision rule: A+B →; (no other interaction)

Ï a.k.a. the subcritical parking process (p < 0.5, A-particles = Cars, B-particles = Spots)

0 200 400 600 800

Totally Asymmetric DLAS on Z/1000Z (p =0.4)
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Introduction

Interacting random walks on graphs

Ï Totally asymmetric DLAS on a graph G:
• Initially every vertex has a particle that is independently of type A with probability

p = p A and otherwise is of type B .
• A-particles perform simple random walk at rate 1 and B-particles at rate 0
• Collision rule: A+B →; (no other interaction)

Ï a.k.a. the supercirical parking process (p > 0.5, A-particles = Cars, B-particles = Spots)

0 200 400 600 800

Totally Asymmetric DLAS on Z/1000Z (p =0.6)
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Introduction

Graphical construction of DLAS

Ï Each site x ∈G is given with discrete SRW path W x = (W x
k )k∈N∪{0} which it follows according

to a rate λA or λB Poisson point process depending on the type of initial particle at x

Ï ⇒ continuous-time path Sx called the putative trajectory of the particle initially at x
Ï Braveness (hx

1 ,hx
2 , . . . ) ∈ [0,1]N of x chosen uniformly at random. All putative trajectories and

braveness are indepenent.
Ï Particles follow their putative trajectories. Upon collision, the bravest A- and B-particles

pairwise mutually annihilate until there are no remaining pairs of opposite type particles at
the site.

18 7456 3a b c d e f2

time t
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Graphical construction of DLAS

Ï Each site x ∈G is given with discrete SRW path W x = (W x
k )k∈N∪{0} which it follows according

to a rate λA or λB Poisson point process depending on the type of initial particle at x
Ï ⇒ continuous-time path Sx called the putative trajectory of the particle initially at x
Ï Braveness (hx

1 ,hx
2 , . . . ) ∈ [0,1]N of x chosen uniformly at random. All putative trajectories and

braveness are indepenent.
Ï Particles follow their putative trajectories. Upon collision, the bravest A- and B-particles

pairwise mutually annihilate until there are no remaining pairs of opposite type particles at
the site.

lk mjig ha b c d e fn

time t

Hanbaek Lyu Particle density in diffusion-limited annihilating systems



. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .
13/44

Introduction

Main questions

Ï Suppose G is a transitive and unimodular graph (e.g., lattices, regular trees, Cayley graphs)

Ï In general, suppose we have a two-type interacting random walks on G, with parameters
p = p A, λA, λB .

Ï Define particle density ρt at time t as

(Particle density) ρt := E
[
(# of A-particles at the ‘origin’ at time t)

]
Ï Define occupation time density Vt at time t as

(Total occupation time) Vt :=
∫t

0
(# of A-particles at the origin at time s)d s.

Ï Main question:

ρt or E[Vt ] ∼ f (t ; G , p A,λA,λB , Interaction rules)?

Hanbaek Lyu Particle density in diffusion-limited annihilating systems
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Introduction

Historic notes

Ï Bramson and Lebowitz ([4] ’80): For coalescing RW on Zd :

ρCRW
t ³


t−1/2, d = 1

t−1 log t , d = 2

t−1, d ≥ 3

.

• Proof uses classical duality between CRW and the voter model

Ï Arratia in ([2] ’81): For annihilating RW on Zd :

ρARW
t ∼ 1

2
ρCRW

t .

• Proof uses a coupling between CRW and ARW
Ï There is no known tractable dual process for DLAS or coupling to well-known processes
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Introduction

Historic notes

Ï Physicists have been interested in DLAS as a model for irreversible reactions with mobile
particles since 70’s [16, 18].
• Mean-field prediction:

ρt ∼
{

t−1 if p = 0.5

exp(−ct ) if p < 0.5

Ï Bramson and Lebowitz ([6] ’88): “The answers given in that literature do not always agree.”
Ï Bramson and Lebowitz ([5] ’91): Rigorous sharp asymptotic for particle density in Symmetric

DLAS on Zd :

• Poisson initial measure with density p A = pB and jump rate λA =λB :

ρt ³
{

t−d/4, d ≤ 3

t−1, d ≥ 4

• For p A < pB and λA =λB :
log(ρt ) ³−ψd (p, t ), ψd (p, t ) =


(1−2p)2

1−p

p
t , d = 1

(1−2p) t
log t , d = 2

(1−2p)t , d ≥ 3.

Ï These asymptotics were also conjectured to hold for different jump rates [15, 14, 13].
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Introduction

Historic notes

Ï Symmetric speed λA =λB is crucial in Bramson and Lebowitz ([5] ’91):

• Coupling that [first ignores the type of a particle and later reveals it] only works for
λA =λB

• A key lemma: For D t =difference of the number of A- and B-particles in a region Ω at
time t :

E[DDLAS
t ] ≥ E[Dno interaction

t ] for all t ≥ 0.

(Not true for λA > 0 and λB = 0)
Ï Damron, L. and Sivakoff ([9] ’22): For discrete-time totally asymmetric subcritical DLAS

(p A < 0.5, λB = 0),

ρt = exp(−O(t d/(d+2)))

• 6= Symmetric DLAS asymptotics in all d
• Proof uses a“busy subgraph” argument in Damron, Gravner, Junge, L., Sivakoff [10]

(only holds for λB = 0)
• So it is unclear whether we should expect the same asymptotics in the symmetric

(λA =λB ) and the asymmetric λA 6=λB ) setting
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Ï Symmetric speed λA =λB is crucial in Bramson and Lebowitz ([5] ’91):
• Coupling that [first ignores the type of a particle and later reveals it] only works for
λA =λB

• A key lemma: For D t =difference of the number of A- and B-particles in a region Ω at
time t :

E[DDLAS
t ] ≥ E[Dno interaction

t ] for all t ≥ 0.

(Not true for λA > 0 and λB = 0)
Ï Damron, L. and Sivakoff ([9] ’22): For discrete-time totally asymmetric subcritical DLAS
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Introduction

Historic notes

Ï Cabezas, Rolla, and Sidoravicius ([7] ’18): For general DLAS on transitive unimodular graphs
with

ρt ≥ C

t
for p A = 0.5, lim

t→∞Vt
a.s.=

{
∞ for p A ≥ 0.5

<∞ for p A < 0.5

(ρt cannot decay faster than in the mean-field case)

Ï Damron, Gravner, Junge, L., and Sivakoff ([10] ’19): For discrete-time totally asymmetric
DLAS on transitive unimodular graphs,

lim
t→∞Vt

a.s.=
{
∞ for p A ≥ 0.5

<∞ for p A < 0.5
, lim

t→∞E[Vt ] <∞ if p ¿ 1

• (In the subcritical case, car surviving t steps implies a ‘busy subgraph’ (more initial cars
than spots) within radius ≤ t , which has exponentially small prob. E[Vt ] =∫t

0 P(τ≥ s)d s.)
Ï Przykucki, Roberts, and Scott ([17] ’20): For discrete-time totally asymmetric DLAS on Z

with p A = 0.5,

t 3/4(log t )−1/4 ≲ E[Vt ]≲ t 3/4
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Introduction

Historic notes

Ï Cristali, Jiang, Junge, Kassem, Sivakoff, and York ([8]’ 21): Discretized version of DLAS on
finite graphs and studied the time to extinguish all particles

Ï Ahlberg, Griffiths, and Janson ([1] ’21) The critical behavior of an two-type annihilating
system of branching random walks

Ï Dauvergne and Sly ([11] ’21) Variant of DLAS with reaction A+B → A (infection spread)
Ï Bahl, Barnet, Junge, and Johnson ([3] ’21): Increasing convex ordering in DLAS
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Statement of results

Statement of results

Theorem (Lower bound on ρt ; Johnson, Junge, L., Sivakoff [12] ’23)
DLAS on Zd with d ≤ 3, λA = 1, λB ∈ [0,1]. For some constant C > 0 independent of λB ,

ρt ≥C (t log t )−d/4 for t À 1.

Ï First confirmation of non-mean-field behavior as well as Bramson-Lebowitz asymptotic in low
dimensions for asymmetric speeds

Theorem (Upper bound on ρt on Z; Johnson, Junge, L., Sivakoff [12] ’23)
Let λA = 1 and λB = 0. On Z with p = 1/2, there exists C > 0 such that

EVt ≤C t 3/4

for all sufficiently large t .

Ï Since E[Vt ] =∫t
0 ρs d s, this strongly supports ρt ³ t−1/4

Ï Confirming ρt = Õ(t−d/4) for d = 2,3 is a major open problem (for us:) )
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Statement of results

Statement of results

Theorem (Critical exponent of occupation time; Johnson, Junge, L., Sivakoff [12] ’23)
Let λA = 1 and λB ∈ [0,1]. On Zd for d ≤ 3 there exists a constant C > 0 such that

Ep [V∞] ≥C

(
1−2p

)−(4/d)+1

− log
(
1−2p

)
for all 1/4 < p < 1/2.
For λB = 0 on Z, there exists C > 0 such that

Ep [V∞] ≤C
(
1−2p

)−3

for all p < 1/2.

Ï For d = 1 with λB = 0, the above yields

(1−2p)−3

− log(1−2p)
≲ Ep [V∞]≲ (1−2p)−3,

determining the critical exponent up to logarithmic terms.
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Statement of results

Statement of results

Theorem (Mean-field behavior in high dimension; Johnson, Junge, L., Sivakoff [12] ’23)
Let λA = 1 and λB = 0. For some positive absolute constants c and C , it holds for all d ≥ 2 on
bidirected 2d-regular tree with p = 1/2 that

c log t ≤ E[Vt ] ≤C log t

for all large t .
For some positive absolute constants c, C , and η, it holds for all 1

2 −η< p < 1
2 and d ≥ 2 that

c log
(
1−2p

)−1 ≤ EpV∞ ≤C log
(
1−2p

)−1 .

Ï This morally confirms the mean-field behavior ρt ³ t−1 on infinite bidirected trees.
Ï Was known for Zd for d ≥ 4 in the symmetric case by Bramson and Lebowitz
Ï It has not been proven to occur with unequal jump rates on any graph.

• The lower bound does not follow from that of Cabezas, Rolla, and Sidoravicius ([7] ’18)
• RW kernel on bidirected trees are is not reflective
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Sketch of proofs

Lemma (Mass transport principle (MTP) )

Let G = (V ,E ) be the Cayley graph of an infinite group F generated by a finite set S.
Z : V 2 → [0,∞) be a collection of random variables such that E[Z (x, y)] = E[Z (g x, g y)] for all
g ∈ F . Let B⊆ V be a subset which is invariant under the inversion x 7→ x−1. Then we have

E

[ ∑
y∈B,

Z (0, y)

]
= E

[∑
y∈B

Z (y,0)

]
.

• By the hypothesis, y ∈B if and only if y−1 ∈B.
• By Fubini’s theorem and the invariance of Z in law under diagonal group action,

E

[∑
y∈B

Z (0, y)

]
= ∑

y∈B
E[Z (0, y)] = ∑

y∈B
E[Z (y−1,0)] = ∑

y∈B
E[Z (y,0)] = E

[∑
y∈B

Z (y,0)

]
.
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Sketch of proofs

Theorem (Lower bound on ρt )
DLAS on Zd with d ≤ 3, λA = 1, λB ∈ [0,1]. For some constant C > 0 independent of λB ,

ρt ≥C (t log t )−d/4 for t À 1.

Ï Zt (x, y) := 1(∃ car initially at x and is at y at time t ). By mass transport,

ρt = E

[∑
x∈G

Zt (x,0)

]
= E

[ ∑
y∈G

Zt (0, y)

]
=P

(
Car initially at 0 survives up to t

)= p AP(τA ≥ t )

Ï Consider DLAS on torus Td
r = (Z/rZ)d with p = 0.5.

Ï By CLT, initially, there are Ω(r d/2) more cars than spots. These ‘surplus’ cars survive forever.
By translation invariance,

p Ar dP(τA =∞) = E

 ∑
x∈Td

r

1(∃ car initially at x that survives forever)

≥Ω(r d/2) (1)

Ï Now ρ
Td

r
t ≥ ρ

Td
r∞ = p AP(τA =∞) ≥Ω(r−d/2).

Ï Choose r =C
p

t log t . Then we should have ρZd

t ≈ ρ
Td

r
t . (??)
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Sketch of proofs

Ï Choose r =C
p

t log t . Then we should have ρZd

t ≈ ρ
Td

r
t . (??)

• Any particle moves within range O(
p

t ) up to time t .
• The boundary of the torus is too far from the origin, so ρt should not be affected by

particles that are farther than C
p

t log t from the origin.
• To make this precise, characterize influence by embedded token-passing process (process

of ‘tracers’) 
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Figure: Tokens merge upon annihilation, follows extended A-particle trajectory, passed over
to the next particle of opposite type

• Each token (y) performs a random walk on G, with rate alternating between λA and λB

depending on which type of particle it is being carried
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Sketch of proofs

Ï Choose r =C
p

t log t . Then we should have ρZd

t ≈ ρ
Td

r
t . (??)

• To make this precise, construct an embedded token-passing process (process of ‘tracers’)

• A token is ‘bad’ if it ever visits outside the box Bd
r by time t . Then∣∣∣ρZd

t −ρ
Td

r
t

∣∣∣= E
[

# of cars that visit 0 by time t with a ‘bad token’ (z)
]

≤ r dP(Rate 1 SRW reaches distance r by time t )

+E

 ∑
y∉Bd

r

P(Rate 1 SRW started at x reaches 0 by time t )


MTP≤ r dP(Rate 1 SRW reaches distance r by time t )

+E

 ∑
y∉Bd

r

P(Rate 1 SRW started at 0 reaches y by time t )


︸ ︷︷ ︸

E[ # sites outside Bd
r that SRW from 0 visits by time t ]

≤ t d/2 exp(−ct )
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Sketch of proofs

Theorem (Upper bound on ρt on Z)
Let λA = 1 and λB = 0. On Z with p = 1/2, there exists C > 0 such that

EVt ≤C t 3/4

for all sufficiently large t .

Ï Claim 1: It is enough to show the above bound in the one-sided process (DLAS on Z≥0)

Ï Claim 2: It is enough to show the above bound for the sequential DLAS on Z≥0:

• Label the initial cars on Z≥0 from left to right as 1,2, and so on.
• Release car 1 and let it drive until time t . Same A+B →; rule applies. If car survives up

to time t , kill it at time t .
• Release car 2 and let it drive until time t in the environment in the previous step. Repeat

for all remaining cars sequentially.
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Ï Claim 2: It is enough to show the above bound for the sequential DLAS on Z≥0:

• Label the initial cars on Z≥0 from left to right as 1,2, and so on.
• Release car 1 and let it drive until time t . Same A+B →; rule applies. If car survives up

to time t , kill it at time t .
• Release car 2 and let it drive until time t in the environment in the previous step. Repeat

for all remaining cars sequentially.
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Theorem (Upper bound on ρt on Z)
Let λA = 1 and λB = 0. On Z with p = 1/2, there exists C > 0 such that

EVt ≤C t 3/4

for all sufficiently large t .

Ï Consider the kth car in the sequential DLAS. Claim:

P
(
kth car in the sequential process visits 0 by time t

)=O(k−1/2)
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Theorem (Upper bound on ρt on Z)
Let λA = 1 and λB = 0. On Z with p = 1/2, there exists C > 0 such that

EVt ≤C t 3/4

for all sufficiently large t .

Ï Consider the kth car in the sequential DLAS. Claim:

P
(
kth car in the sequential process visits 0 by time t

)=O(k−1/2)

Ï Once a particle visits the origin, it spends O(
p

t ) time there by time t

Ï E[Vt ] =O
(
E[V ≥0

t ]
)

(∵ claim 1)
=O

(
E[V sequential

t ]
)

(∵ claim 2)

=O

pt

C
p

t log t∑
k=1

P
(
kth car in the sequential process visits 0 by time t

)+o(t 1/4)


= Õ

(
t 1/2 · t 1/4) .
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Theorem (Upper bound on ρt on Z)
Let λA = 1 and λB = 0. On Z with p = 1/2, there exists C > 0 such that

EVt ≤C t 3/4

for all sufficiently large t .

Ï Claim 1: It is enough to show the above bound in the one-sided process (DLAS on Z≥0)
• Polarized DLAS: Initial particles have ± polarities
• Use dragging & appropriate swapping of portions of putative trajectories

++ +-- ++ +-- ++ +--

time t

Total occupation 
time of a site1 1

2

2

3 34
45

55

2

21

++ +--

+2

5
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Theorem (Upper bound on ρt on Z)
Let λA = 1 and λB = 0. On Z with p = 1/2, there exists C > 0 such that

EVt ≤C t 3/4

for all sufficiently large t .

Ï Claim 2: It is enough to show the above bound for the sequential DLAS on Z:
• Path-swapping DLAS: Initial particles have priorities
• Use appropriate swapping of portions of putative trajectories

lk mjig ha b c d e fn

time t
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Theorem (Upper bound on ρt on Z)
Let λA = 1 and λB = 0. On Z with p = 1/2, there exists C > 0 such that

EVt ≤C t 3/4

for all sufficiently large t .

Ï Claim 2: It is enough to show the above bound for the sequential DLAS on Z:
• Path-swapping DLAS: Initial particles have priorities
• Use dragging & appropriate swapping of portions of putative trajectories

18 7465 3a b c d e f2

time t

Hanbaek Lyu Particle density in diffusion-limited annihilating systems



. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .
36/44

Sketch of proofs

Ï Remark: Path-swapping DLAS ⇒ ‘Quasi-abelian’ property of DLAS
• E[Vt ] = E[V path-swapping

t ] = E[V seq
t ]−dragging

18 7456 3a b c d e f2

time t
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Theorem (Mean-field behavior in high dimension)
Let λA = 1 and λB = 0. For some positive absolute constants c and C , it holds for all d ≥ 2 on
bidirected 2d-regular tree with p = 1/2 that

c log t ≤ E[Vt ] ≤C log t

for all large t .

Ï Vn ≈Wn := # visits to the root within level n in any amount of time
Ï Proof starts with Recursive Distributional Equation: (v1, . . . , vd childern of 0)

Wn
d=

d∑
i=1

Binomial
((

W (i )
n−1 +Yi

)+, d−1
)
,

where Yi = 1 if vi initially has an A-particle, −1 if it has a B-particle
Ï Taking E gives the difference equation:

EWn+1 −EWn = 1

2
P(Wn = 0)

Claim 3≈ e−cEWn .

This yields EWn ³ logn.

Hanbaek Lyu Particle density in diffusion-limited annihilating systems



. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .
37/44

Sketch of proofs

Theorem (Mean-field behavior in high dimension)
Let λA = 1 and λB = 0. For some positive absolute constants c and C , it holds for all d ≥ 2 on
bidirected 2d-regular tree with p = 1/2 that

c log t ≤ E[Vt ] ≤C log t

for all large t .

Ï Vn ≈Wn := # visits to the root within level n in any amount of time

Ï Proof starts with Recursive Distributional Equation: (v1, . . . , vd childern of 0)

Wn
d=

d∑
i=1

Binomial
((

W (i )
n−1 +Yi

)+, d−1
)
,

where Yi = 1 if vi initially has an A-particle, −1 if it has a B-particle
Ï Taking E gives the difference equation:

EWn+1 −EWn = 1

2
P(Wn = 0)

Claim 3≈ e−cEWn .

This yields EWn ³ logn.

Hanbaek Lyu Particle density in diffusion-limited annihilating systems



. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .
37/44

Sketch of proofs

Theorem (Mean-field behavior in high dimension)
Let λA = 1 and λB = 0. For some positive absolute constants c and C , it holds for all d ≥ 2 on
bidirected 2d-regular tree with p = 1/2 that

c log t ≤ E[Vt ] ≤C log t

for all large t .

Ï Vn ≈Wn := # visits to the root within level n in any amount of time
Ï Proof starts with Recursive Distributional Equation: (v1, . . . , vd childern of 0)

Wn
d=

d∑
i=1

Binomial
((

W (i )
n−1 +Yi

)+, d−1
)
,

where Yi = 1 if vi initially has an A-particle, −1 if it has a B-particle

Ï Taking E gives the difference equation:

EWn+1 −EWn = 1

2
P(Wn = 0)

Claim 3≈ e−cEWn .

This yields EWn ³ logn.

Hanbaek Lyu Particle density in diffusion-limited annihilating systems



. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .
37/44

Sketch of proofs

Theorem (Mean-field behavior in high dimension)
Let λA = 1 and λB = 0. For some positive absolute constants c and C , it holds for all d ≥ 2 on
bidirected 2d-regular tree with p = 1/2 that

c log t ≤ E[Vt ] ≤C log t

for all large t .

Ï Vn ≈Wn := # visits to the root within level n in any amount of time
Ï Proof starts with Recursive Distributional Equation: (v1, . . . , vd childern of 0)

Wn
d=

d∑
i=1

Binomial
((

W (i )
n−1 +Yi

)+, d−1
)
,

where Yi = 1 if vi initially has an A-particle, −1 if it has a B-particle
Ï Taking E gives the difference equation:

EWn+1 −EWn = 1

2
P(Wn = 0)

Claim 3≈ e−cEWn .

This yields EWn ³ logn.

Hanbaek Lyu Particle density in diffusion-limited annihilating systems



. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .
38/44

Sketch of proofs

Theorem (Mean-field behavior in high dimension)
Let λA = 1 and λB = 0. For some positive absolute constants c and C , it holds for all d ≥ 2 on
bidirected 2d-regular tree with p = 1/2 that

c log t ≤ E[Vt ] ≤C log t

for all large t .

Ï Claim 3: P(Wn = 0) ≈ e−cEWn .
• (Anti-concentration) P(Wn = 0) ≥Ce−cEWn

• (Concentration) P(Wn = 0) ≤Ce−cEWn

• Size-bias transform: Given a RV X taking values in N0,

P(X s = k) ∝ kP(X = k).

• Size-biasing does not change Wn much =⇒ Wn is concentrated around E[Wn]
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Open Questions

Ï Improving lower bound: Show ρt =Ω(t−d/4) (wihtout log factors)

Ï Show EVt ≤C t 3/4 on Z with λB > 0, λB 6=λA.

Ï Show ρt ≤C t−1/4 on Z with λB 6=λA.

Ï Show EVt ≤C t 1−d/4 on Zd for d = 2,3 with λB 6=λA.

Ï Extend the reuslt of Damron, L. and Sivakoff ([9] ’22) to continuous time totally asymmetric
DLAS with p A < 0.5:

ρt = exp(−O(t d/(d+2)))
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Thank you very much!
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