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Cyclic Block Optimization

Optimize one block at a time!
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Problem setup

0" € argmin f(6)
0cOCRP

* f: Objective function

 Nonconvex, smooth (later non-smooth)
« Often represents model fitness to training data

. e.g., DNN, LLM
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Problem setup

0" € argmin f(6)
0cOCRP

* f: Objective function

 Nonconvex, smooth (later non-smooth)
« Often represents model fitness to training data

. e.g., DNN, LLM

« O: Parameter space with various structures:

« Convex Q

* block structure: 8 = (64, ..., 6,,) Ei

« Riemannian manifold (e.g., ®=set of orthogonal matrices)
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The simplest yet commonly used method

(PGD) 9n+1 — H@ (9n — anvf(en»

Feasible set Q

£(6)
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The simplest yet commonly used method

(PGD) 0,11« e (0, — a,Vf(6,))

* Projected Gradient Descent (PGD)

«  Widely used in ML, Statistics, Scientific
Computing

 Reduces to Gradient Descent for
unconstrained problems

« Easy to implement, cheap to run

» Several of modifications (e.qg.,
momentum, adaptive stepsizes)
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The simplest yet commonly used method

(PGD) 0,11« e (0, — a,Vf(6,))

Feasible set Q

* Projected Gradient Descent (PGD)

«  Widely used in ML, Statistics, Scientific 8
Computing

 Reduces to Gradient Descent for
unconstrained problems

« Easy to implement, cheap to run

» Several of modifications (e.qg.,
momentum, adaptive stepsizes) L&)

(PSGD) 9n+1 +— llg (B'n, — anef(gn))

Stochastic gradient = V




> Least Squares: Classical setting for linear regression

min IX - WH]| %
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> Least Squares: Classical setting for linear regression

min IX - WH]| %

cols. of W

* Data = Linear combination of basis features

n
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> Least Squares: Classical setting for linear regression

min IX — WH]|,

cols. of W

* Data = Linear combination of basis features

n

<& A
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Data

* Convex optimization problem with closed-form solution
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» Q: What if we don't know what basis features W to use?
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» Q: What if we don't know what basis features W to use?
* Simultaneously find the basis W and the linear representation H for the data X?
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» Q: What if we don't know what basis features W to use?
* Simultaneously find the basis W and the linear representation H for the data X?

> Matrix factorization is a fundamental tool in dictionary learning problems.

n r n
< » <« > . =
A A
X H Ir
d X ~ d W
A J \ 4
Data Dictionary Code
cols. of W
e

Data = Linear combination of latent features
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> Q: What if we don't know what basis features W to use?
* Simultaneously find the basis W and the linear representation H for the data X?

> Matrix factorization is a fundamental tool in dictionary learning problems.

n r n
< » <« > . =
A A
X H Ir
d X ~ d W
A J \ 4
Data Dictionary Code
cols. of W
.

Data = Linear combination of latent features
> Formulated as a nonconvex optimization problem:

minw g ||X—WH||§? (Reconstruction error)
subject to We€,He €’ (Constraints)
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> Q: What if we don't know what basis features W to use?
* Simultaneously find the basis W and the linear representation H for the data X?

> Matrix factorization is a fundamental tool in dictionary learning problems.

n r n
< » <« > . =
A A
X H IT
d X ~ d W
A J \ 4
Data Dictionary Code
cols. of W
.

Data = Linear combination of latent features
> Formulated as a nonconvex optimization problem:

minw g ||X—WH||§? (Reconstruction error)
subject to We€,He €’ (Constraints)

* Unconstrained MF (€ =R¥*", €' =R"*"): Global min attained by SVD
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> Q: What if we don't know what basis features W to use?
* Simultaneously find the basis W and the linear representation H for the data X?

> Matrix factorization is a fundamental tool in dictionary learning problems.

n r n
< » <« > . =
A A
X H IT
d X ~ d W
A J \ 4
Data Dictionary Code
cols. of W
.

Data = Linear combination of latent features
> Formulated as a nonconvex optimization problem:

minw g ||X—WH||§? (Reconstruction error)
subject to We€,He €’ (Constraints)

* Unconstrained MF (€ =R**", ¢’ =R"*"): Global min attained by SVD

* Nonnegative Matrix Factorization (NMF): € = [Rggr, €' =RLy"
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» How do we solve NMF?

min  [f(W,H) := [|X— WH]|%]
WEIRdxr H;Bn

=0
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» How do we solve NMF?

min  [f(W,H) := [|X— WH]|%]
WERdxr H;En

=0

* Can't find both W and H at the same time, so alternate!
H;:) — argmin f(W;, H) (NLS)
HeR;’(‘)”

Wy < argmin f(W,H ) (INLS)
WeRZX"

Hanbaek Lyu (UW-Madison)



» How do we solve NMF?

min  [f(W,H):= |X-WH]|%]
WERdxr H;E"

=0

* Can't find both W and H at the same time, so alternate!

H;;; — argmin f(W;, H) (NLS)

HeR =

Wy < argmin f(W,H ) (INLS)
WeRZX"

* Block Coordinate Descent for NMF (a.k.a. Alternating Least Squares)

* NOT guaranteed to converge to global optimum (will come back to this point later)
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min fO1,...,0m)
0=(01,...0,m)€OD x - x QM)
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min fOh,....0m)
0=(0,,...,0,,)e0W) x...xa(M

> Block Coordinate Descent (BCD): For n=1,...,N and for i =1,...,m:

0\ e argmin £ (61,04 ,0,00*D,-.,00")).
ge@t)
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min fOh,....0m)
0=(0,,...,0,,)e0W) x...xa(M

> Block Coordinate Descent (BCD): For n=1,...,N and for i =1,...,m:

0\ e argmin £ (61,04 ,0,00*D,-.,00")).
ge@t)

* Sequentially update each block coordinate (by PGD) while fixing the rest
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min fO1,...,0m)
0=(01,...0,m)€OD x - x QM)

> Block Coordinate Descent (BCD): For n=1,...,N and for i =1,...,m:

0\ e argmin £ (61,04 ,0,00*D,-.,00")).
ge@t)

* Sequentially update each block coordinate (by PGD) while fixing the rest

« For m=2 blocks, a.k.a. alternating minimization/maximization
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min fOh,....0m)
0=(0,,...,0,,)e0W) x...xa(M

> Block Coordinate Descent (BCD): For n=1,...,N and for i =1,...,m:

0\ e argmin £ (61,04 ,0,00*D,-.,00")).
ge@t)

* Sequentially update each block coordinate (by PGD) while fixing the rest
« For m=2 blocks, a.k.a. alternating minimization/maximization

» Block PGD: For n=1,...,N and for i =1,...,m:

0\ — Mg (61, -aPVif@,, 1)
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Matrix Scaling, Optimal Transport,
and Sinkhron Algorithms
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» Matrix Scaling Problem:

Given a matrix A and target row and column sums (r, c),

find diagonal matrices D1 and D, s.t. D;AD, satisfies margin (r, c)
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» Matrix Scaling Problem:

Given a matrix A and target row and column sums (r, c),

find diagonal matrices D1 and D, s.t. D;AD, satisfies margin (r, c)

 Sinkhorn's matrix scaling algorithm (1964)

* Normalize the rows of A to match the target row sum r; Obtain A’
* Normalize the columns of A’ to match the target column sum c; Obtain A”

* Repeat
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» Matrix Scaling Problem:

Given a matrix A and target row and column sums (r, c),

find diagonal matrices D1 and D, s.t. D;AD, satisfies margin (r, c)

 Sinkhorn's matrix scaling algorithm (1964)

* Normalize the rows of A to match the target row sum r; Obtain A’
* Normalize the columns of A’ to match the target column sum c; Obtain A”

* Repeat

 Sinkhorn's algorithm is known to solve the following relative entropy

minimization problem:

min xiilogx;i
XeT (r,c) lz]: / /
‘ Transportation polytope
with margin (r, c)
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» Matrix Scaling Problem:

Given a matrix A and target row and column sums (r, c),

find diagonal matrices D1 and D, s.t. D;AD, satisfies margin (r, c)

 Sinkhorn's matrix scaling algorithm (1964)

* Normalize the rows of A to match the target row sum r; Obtain A’
* Normalize the columns of A’ to match the target column sum c; Obtain A”

* Repeat

 Sinkhorn's algorithm is known to solve the following relative entropy

minimization problem:

min xiilogx;i

XeT (r,c) lz]: / /

‘ Transportation polytope
with margin (r, c)

« Why? It is in fact the alternating maximization on the “"dual”!
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» Entropic Optimal Transport

Given a margin (r, ¢) and cost matrix C = (c;;), ¢;j=cost of moving a unit
mass from location i to j, find the most efficient coupling m*:

argmin ) c¢;in;j+eDgr(lrec)
ned (r,c) ij
* Entropic Regularization
(Cuturi, NeurlPS '13)

Hanbaek Lyu (UW-Madison)



» Entropic Optimal Transport

Given a margin (r, ¢) and cost matrix C = (c;;), ¢;j=cost of moving a unit
mass from location i to j, find the most efficient coupling m*:

pGD7?  argmin )_¢;jm;j + €Dk (nlrec)
ned (r,c) ij
* Entropic Regularization
(Cuturi, NeurlPS '13)
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» Entropic Optimal Transport

Given a margin (r, ¢) and cost matrix C = (c;;), ¢;j=cost of moving a unit
mass from location i to j, find the most efficient coupling m*:

argmin ) c¢;in;j+eDgr(lrec)

ned (r,c) ij
* Entropic Regularization
(Cuturi, NeurlPS '13)
n*=Woexp(a® e f”) where W;j= _ciflgr,-cj

« Schrodinger potentials
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» Entropic Optimal Transport

Given a margin (r, ¢) and cost matrix C = (c;;), ¢;j=cost of moving a unit
mass from location i to j, find the most efficient coupling m*:

argmin ) c¢;in;j+eDgr(lrec)

ned (r,c) ij
* Entropic Regularization
(Cuturi, NeurlPS '13)
n*=Woexp(a® e f”) where W;j= _Ciflgr,-cj

« Schrodinger potentials

* Sinkhorn Algorithm
) N (/)
V1<i=<n, ﬁk(_]) log Y Wijexp(ag_1(i)’

. . r(i)
visism, ar(i) <108 sy e B
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» Entropic Optimal Transport

Given a margin (r, ¢) and cost matrix C = (c;;), ¢;j=cost of moving a unit
mass from location i to j, find the most efficient coupling m*:

argmin ) c¢;in;j+eDgr(lrec)

ned (r,c) ij
* Entropic Regularization
(Cuturi, NeurlPS '13)
n*=Woexp(a® e f”) where W;j= _Ciflgricj

« Schrodinger potentials

* Sinkhorn Algorithm e Kantorovich dual

) N c(j)
Vi<i=<n, f(j) —log Y7 W;jexp(ag—_1(i)’ sup ((r, a)+{(c,f)— (W,exp(a & ﬁ»)

. y r(i)
visism, ai() —10g sr W, oo - “P
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» Entropic Optimal Transport

Given a margin (r, ¢) and cost matrix C = (c;;), ¢;j=cost of moving a unit
mass from location i to j, find the most efficient coupling m*:

argmin ) c¢;in;j+eDgr(lrec)

ned (r,c) ij
* Entropic Regularization
(Cuturi, NeurlPS '13)
n*=Woexp(a® e f”) where W;j= _Ciflgricj

« Schrodinger potentials

Alternating
maximization

* Sinkhorn Algorithm <\ e Kantorovich dual
) N c(j)
Vi<is=n, pi(j) —log smw como sup ((r, @)+ {c,p)— (W,exp(a & ﬁ»)

. y r(i)
visism, ai() —10g sr W, oo - “P
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» Random matrix conditioned on row/column sums (L., Mukherjee 24+)

X = RM w/ i.i.d. Exp(1) entries. Condition its row/column sums as (r, c).
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» Random matrix conditioned on row/column sums (L., Mukherjee 24+)

X = RM w/ i.i.d. Exp(1) entries. Condition its row/column sums be (r, c).

Thm. X=Y= (Yl])' where Yl] ~ EXp (#}) indep.
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» Random matrix conditioned on row/column sums (L., Mukherjee 24+)

X = RM w/ i.i.d. Exp(1) entries. Condition its row/column sums be (r, c).

Thm. X=Y= (Yl])' where Yl] ~ EXp< ! ) indep.

* *
a; +,Bj

N

* Maximum Likelihood
exponential tilting parameters
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» Random matrix conditioned on row/column sums (L., Mukherjee 24+)

X = RM w/ i.i.d. Exp(1) entries. Condition its row/column sums be (r, c).

Thm. X=Y= (Yl])' where Yl] ~ EXp< ! ) indep.

* *
a; +,Bj

N

e Maximum Likelihood

/ exponential tilting parameters

sup((r,a)+(c,ﬁ)—(11T,1//(aeBﬁ))) where w(t)=-log(—1)

a,p
* Log-likelihood of

observing margin (r, c)
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» Random matrix conditioned on row/column sums (L., Mukherjee 24+)

X = RM w/ i.i.d. Exp(1) entries. Condition its row/column sums be (r, c).

Thm. X=Y= (Yij),where Yl] ~ EXp( ! ) indep.

* *
a; +,8j

N

«  Maximum Likelihood

/ exponential tilting parameters

sup((r,a)+(c,ﬁ)—(11T,1//(aEBﬁ))) where (1) =-log(—1)

a,p
» Log-likelihood of

observing margin (r, c)

Alternating
maximization

Generalized For1l < ] <n, ﬂk(]) — uniqueﬁ ERs.t. C(]) = Z;’ll ’I[l’(ak_l(i) + ﬁ),
Sinkhorn Forl<ism, ar(i) — uniquea € Rs.L.r(i) = X7_, ¢'(a+ Br()).
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» Random matrix conditioned on row/column sums (L., Mukherjee 24+)

X = RM w/ i.i.d. Exp(1) entries. Condition its row/column sums be (r, c).

Thm. X=Y= (Yij),where Yl] ~ EXp( ! ) indep.

* *
a; +,8j

N

«  Maximum Likelihood

/ exponential tilting parameters

sup((r,a)+(c,ﬁ)—(11T,1//(aEBﬁ))) where (1) =-log(—1)

a,p
» Log-likelihood of

observing margin (r, c)

Alternating
maximization
Thm. GS converges exponentially fast.

Generalized For1l < ] <n, ﬂk(]) — uniqueﬁ ERs.t. C(]) = Z;’ll ’I[l’(ak_l(i) + ﬁ),
Sinkhorn Forl<ism, ar(i) — uniquea € Rs.L.r(i) = X7_, ¢'(a+ Br()).
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Why does it work well in practice?
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-
Stepsizes in PGD

(PGD) 0,11« lle (0, — @,V f(6,))

* a,: Stepsizes. How to choose them?

Tty o vvay Rt B
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-
Stepsizes in PGD

(PGD) 0,11« lle (0, — @,V f(6,))

* a,: Stepsizes. How to choose them?

« "Small enough stepsize". a, < 1/L, where

« L = Lipschitz constant for Vf over 0
~ Largest absolute eigenvalue of V2 f over 0

Tty o vvay Rt B
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Stepsizes in PGD

(PGD) 0,11« lle (0, — @,V f(6,))

* a,: Stepsizes. How to choose them?

« "Small enough stepsize". a, < 1/L, where

« L = Lipschitz constant for Vf over 0
~ Largest absolute eigenvalue of V*f over ©

 Buta,=1/Lis TOO SMALL!
* Could use “line search” to find larger a,, that works

* L might be unknown and hard to estimate

sty oo vway Rt B
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Stepsizes in PGD

(PGD)

* a,: Stepsizes. How to choose them?

« "Small enough stepsize". a, < 1/L, where

L = Lipschitz constant for Vf over 0
Largest absolute eigenvalue of V2f over 0

~
~

. But a, = 1/L is TOO SMALL!

In practice, performance of P(S)GD
depends very sensitively on a,s

Hanbaek Lyu (UW-Madison)

fiw)

Could use “line search” to find larger «a,, that works

L might be unknown and hard to estimate

w’ w
Too small: converge
very slowly

0,1 < e (0, —a,Vf(6,))

fiw)

w* w
Too big: overshoot and
even diverge



-
Block PGD = BCD
Iwo-Block structure: 8 = (A,B), @ = 04 X Op

(Block PGD) An+1 — HGA (An — O‘-’nvAf(Ana Bn))
(or BCD) Bn—l—l — HGB (B'n — /anBf(An-l-la B’n))
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e
Block PGD = BCD

Iwo-Block structure: 8 = (A,B), @ = 04 X Op

(Block PGD) An+1 — HGA (An — anVAf(Ana Bn))
(or BCD) Bn+1 — HGB (B'n — IB‘anf(An-l-la Bn))

* Known to be much more robust against stepsize choices than PGD (Why??)

« e.g. low-rank matrix factorization, dictionary learning, tensor factorization,
kernel learning, linear tranceiver design
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-
Block PGD = BCD
Iwo-Block structure: 8 = (A,B), @ = 04 X Op

(Block PGD) An+1 — HGA (An — a’nVAf(Ana Bn))
(or BCD) Bn—l—l — HGB (Bn — /anBf(An-l-la B‘n))

* Known to be much more robust against stepsize choices than PGD (Why??)

« e.g. low-rank matrix factorization, dictionary learning, tensor factorization,
kernel learning, linear tranceiver design

* [Large L © Vf changes wildly]

—> Sensitive dependence on stepsize

« Exploiting block structure > The “effective L” is reduced

Hanbaek Lyu (UW-Madison)



Motivating example : Nonnegative Matrix Factorization (Lee & Seung, Nature '99)

n (d n
< > - < >
A A [
X H Ir
d X ~ d w
Y \4
Data Dictionary Code
... . 2 ;
minimize AW, H) = || X— WH||& (Reconstruction error)
subject to We Ry, He RZY (Constraints)
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Motivating example : Nonnegative Matrix Factorization (Lee & Seung, Nature '99)

< > - < >
A A
i
X H \ Ir
d X ~ d w ‘
Y \4
Data Dictionary Code
... . 2 ;
minimize AW, H) = || X— WH||& (Reconstruction error)
subject to We Ry, He RZY (Constraints)

f(W,H) = Bi-convex
(Wh1, Hnv1) < (Wp, Hy) — ay (Vi f Wy, Hy), Vi f (Wy, Hy))
PGD * Vyf(W,H) =(WH—-X)H"
(W1, Hne1) < max(0, (Wyyq, Hpi1)

(Almost no one uses this ©)

Vuf(W,H) = WI(WH — X)
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Motivating example : Nonnegative Matrix Factorization (Lee & Seung, Nature '99)

A
Y
A
Y

Data Dictionary Code
minimize AW, H) = || X — WH||? (Reconstruction error)
subject to We Ry, He RZY (Constraints)

f(W,H) = Bi-convex
(Wh1, Hnv1) < (Wp, Hy) — ay (Vi f Wy, Hy), Vi f (Wy, Hy))
PGD * Vyf(W,H) =(WH—-X)H"
(W1, Hne1) < max(0, (Wyyq, Hpi1)

(Almost no one uses this ©)

Vuf(W,H) = WI(WH — X)

vec(W)T vec(H)T
vec(W) [HHT ®1I, Ay

° sz —
vec(H) AL, I, @ WI'wW

Ap=[(HeW)+I 8 (WH-X)|Cl»™
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Motivating example : Nonnegative Matrix Factorization (Lee & Seung, Nature '99)

A
Y
A
Y

Data Dictionary Code
minimize AW, H) = || X — WH||? (Reconstruction error)
subject to We Ry, He RZY (Constraints)

f(W,H) = Bi-convex
(Wh1, Hnv1) < (Wp, Hy) — ay (Vi f Wy, Hy), Vi f (Wy, Hy))
PGD * Vyf(W,H) =(WH—-X)H"
(W1, Hne1) < max(0, (Wyyq, Hpi1)

(Almost no one uses this ©)

Vuf(W,H) = WI(WH — X)

vec(TW)T vec(H)T L = Max eval
. p2r = vee(W) HH' @1, Az «— overall (W,H)
v vec(H) [ AL, I, @ WI'wW
A = [(H®W) + 1, ® (WH — X)| Crm) = Unbounded!
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In Supervised Matrix Factorization (Lee, L., Yao, ICML ‘24)

1 T
. W « II (W— o (HAT) T (WH — X)H )
Adaptive BCD: 1 i,
H«II (H R (WWT) Tz W' (WH — X))
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In Supervised Matrix Factorization (Lee, L., Yao, ICML ‘24)

1 T
| W TI (W— s mr) e (WH-XH )
Adaptive BCD: 1 i,
H« II (H ) e W WH - X))
vec(W)T vec(H)T
. V2= vec(W) [HHT ®1, Aqo
vec(H) AL, I, 9 WI'W

/

Vlz/llf('» H) V%If(wl.)
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In Supervised Matrix Factorization (Lee, L., Yao, ICML ‘24)

1 T
| W TI (W— s mr) e (WH-XH )
Adaptive BCD: 1 i,
H« II (H ) e W WH - X))
vec(W)T vec(H)T
. V2= vec(W) [HHT ®1, Aqo
vec(H) AL, I, 9 WI'W

/

Vlz/llf('» H) V%If(wl.)

Largest Eval of diagonal blocks of the Hessian

« Largest Eval of the entire Hessian

Hanbaek Lyu (UW-Madison)



How does it work?

General principle for Cyclic Block Optimization?
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Ideas behind nonconvex optimization algorithms

Frank-Wolfe (1956)

« Taylor expand the objective f near 6,;:

f(0) = f(0r) +(Vf(0,),0—6,)

* Minimize the 1st-order Taylor approximation

0,, = argmin (Vf(0,),0 —0,,)
0cO®

0,,.1 = Convex combination of ,, and 6,

Image credit: Wikipedia
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ldeas behind nonconvex optimization algorithms

Newton’s Method (1690) (Assume © = RP)

« Taylor expand the objective f near 0,,:

£(8) =~ £(6) + (V1(6:),0 — 0) + 5 (0 — 0., V1(6.)(0 — 0.)

« Minimize the 2"9-order Taylor expansion

61 = argmin £(6) + (V(8,),6 — 6,) + % (6 —6,,V2(0,)(6 - 6,))
€Rp

— 0, — (V2£(6,)) " V£(6,)

Undefined if the Hessian is not PD
* Inverting the Hessian is expensive

Super-fast, quadratic convergence if works ©
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ldeas behind nonconvex optimization algorithms

A Quasi-Newton Method  (Assume 6 = RP)

« Taylor expand the objective f near 0,,:

£(8) =~ £(6) + (V1(6:),0 — 0) + 5 (0 — 0., V1(6.)(0 — 0.)

* Minimize the 2"4-order Taylor expansion with regularization

1 n
01 = axgmin (V(8), 0 — 0n) + 5 (6 — 0, VF2(8,)(6 — 0,)) + 16 — 0,
Ockp

=0, — (V2£(6,) +vaI,) " V£(0,)

* Levenberg-Marquardt regularization (‘44 '63)
« Can make the regularized Hessian PD
* Matrix inversion still expensive

Hanbaek Lyu (UW-Madison)
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ldeas behind nonconvex optimization algorithms
Trust-Region (1970°s)

« Taylor expand the objective f near 0,,:

£(8) =~ £(6) + (V1(6:),0 — 0) + 5 (0 — 0., V1(6.)(0 — 6.)

* Minimize a “quadratic model” within a trust-region

1
0,.1= argmin  (V(60,),0 —0,)+ = (0 —0,,B.(0-8,))
0c®, ||6—0,,||<r, 2

e PD, and no need to be

« Trust-region with radius n, close to the Hessian

Trust region

* Next radius 7,41 is computed adaptively base
d on the performance of the previous update

contours of my

_________________________________

Hanbaek Lyu (UW-Madison)



ldeas behind nonconvex optimization algorithms

PGD (Late 1950’s)

« Taylor expand the objective f near 0,,:

£(0) ~ F(6.) + (VF(0,),0 — 0,) + - (0 — 0, V/*(8,)(0 — 6,))

* Replace the Hessian with L times the identity L = largest absolute
eigenvalue of

V2£(0) over all 6

£(0) < 1(0.) +(V(8,),0 0,) + 10— 0,

Minimize the quadratic surrogate Feasible set Q

L

0,.1 =argmin (Vf(0,),0—0,)+ =0 —0,]> |4
0c® 2

2

= arg min
0cO

~ 1le (en - %v f(Bn))

o (en _ %v f(Bn))

£(6)

Hanbaek Lyu (UW-Madison)



ldeas behind nonconvex optimization algorithms

Majorization-Minimization (MM) (1970’s, originally EM in statistics)

* Find a majorizing surrogate g,,,1 of f at 6,,

fO)<gn10), [0, =gn+100,) %
nonconvex  CONvex tangent
* Minimize the surrogate  Sub-problems often admit close-form solutions
. « e.g. PGD, Multiplicative Update for NMF,
0,1 =argmin g,.1(0) Poisson regression
0<cO

« Otherwise use convex solver for each step
* Nonconvex minimization
< A seq. of convex minimizations « e.g., PGD, Newton

Hanbaek Lyu (UW-Madison)



ldeas behind nonconvex optimization algorithms
Block MM (a.k.a. BSUM by Hong et al. 2015)

0" ¢ argmin  (F(0) := f(0) + p(0))
0=[0V),....0(m)cO®

Nonconvex, smooth

( Majorizing surrogate of

(%) _ . .
gn= = [9 —> 7(;,1)(9) = f (9'57,1), Ty 9’5?,?’_1)3 93 QS:LP, ) agrz)l
00 (80, 0. )

i) € argmingeew ( w (6) == gn (6) +p55)(9)) -

\
BCD, Block PGD, L Only majorize the

Sinkhorn, Alt. Min, smooth part
Block EM.. P

BMM (

Hanbaek Lyu (UW-Madison)

\— Convex, nonsmooth



What do we know about them?

Convergence guarantees?
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e
How fast is BMM?

» For general nonconvex optimization, look for first-order guarantees

 lteration complexity = # of iterations to reach an e-stationary points?

T

« Asymptotic stationarity = convergence to stationary points?

Methods Objective Block Complexity Asymp. Inexact-
update conv. computation
BPGD [39] C & NS cyclic Depends on KL-ineq. v X
BPGD [4] C&S cyclic O(e™1) X X
BCD-PR [21] NC & S cyclic O((1+Ly+p He?) v v
BMM [34] NC & NS random Og((1+4p "L2 4 p 1)e™?) v X
BMM [34] NC & NS cyclic X v X

+ Use p-strongly convex, Ls-smooth surrogates

e C = Convex, NC = Nonconvex, S=Smooth, NS=Non-smooth

Hanbaek Lyu (UW-Madison)



How fast is BMM?

» For general nonconvex optimization, look for first-order guarantees

 Iteration complexity = # of iterations to reach an e-stationary points?

T

« Asymptotic stationarity = convergence to stationary points?

Methods Objective Block Complexity Asymp. Inexact-
update conv. computation

BPGD [39] C & NS cyclic Depends on KL-ineq. v X
BPGD [4] C&S cyclic O(e™1) X X
BCD-PR [21] NC & S cyclic O((1+Ly+p He?) v v
BMM [34] NC & NS random Og((1+4p "L2 4 p 1)e™?) v X
BMM [34] NC & NS cyclic X v X
BMM NC & NS cyclic O((14+Lg+p He™?) v v

[L., Li, SIOPT 25]

Hanbaek Lyu (UW-Madison)

BMM could be slow with
flat surrogates



How fast is BMM?

» For general nonconvex optimization, look for first-order guarantees

 Iteration complexity = # of iterations to reach an e-stationary points?

T

« Asymptotic stationarity = convergence to stationary points?

Methods Objective Block Complexity Asymp. Inexact-

update conv. computation
BPGD [39] C & NS cyclic Depends on KL-ineq. v X
BPGD [4] C&S cyclic O(e™1) X X
BCD-PR [21] NC & S cyclic O((1+Ly+p He?) v v
BMM [34] NC & NS random Og((1+4p "L2 4 p 1)e™?) v X
BMM [34] NC & NS cyclic X v X
BMM NC & NS cyclic O((1+ Ly + p~1)e™2) v v
BMM + Trust-Region NC & NS cyclic O((14 Ly)e"2) v v

[L., Li, SIOPT 25]
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Still fast with
flat surrogates



How fast is BMM?

» For general nonconvex optimization, look for first-order guarantees

 Iteration complexity = # of iterations to reach an e-stationary points?

T

« Asymptotic stationarity = convergence to stationary points?

Methods Objective Block Complexity Asymp. Inexact-

update conv. computation
BPGD [39] C & NS cyclic Depends on KL-ineq. v X
BPGD [4] C&S cyclic O(e™1) X X
BCD-PR [21] NC & S cyclic O((1+Ly+p He?) v v
BMM [34] NC & NS random Og((1+4p "L2 4 p 1)e™?) v X
BMM [34] NC & NS cyclic X v X
BMM NC & NS cyclic O((1+ Ly +p~1)e™2) v v
BMM + Trust-Region NC & NS cyclic O((14 Ly)e™2) v v

[L., Li, SIOPT 25]
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How fast is BMM?

» For general nonconvex optimization, look for first-order guarantees

 Iteration complexity = # of iterations to reach an e-stationary points?

T

« Asymptotic stationarity = convergence to stationary points?

Methods Objective Block Complexity Asymp. Inexact-

update conv. computation
BPGD [39] C & NS cyclic Depends on KL-ineq. v X
BPGD [4] C&S cyclic O(e™1) X X
BCD-PR [21] NC & S cyclic O((1+Ly+p He?) v v
BMM [34] NC & NS random Og((1+4p "L2 4 p 1)e™?) v X
BMM [34] NC & NS cyclic X v X
BMM NC & NS cyclic O((1+ Ly +p~1)e™2) v v
BMM + Trust-Region NC & NS cyclic O((14 Ly)e2) v v

[L., Li, SIOPT 25]

Hanbaek Lyu (UW-Madison)

Half of the work

= Defining the right notion of approximate stationarity
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BCD with Diminishing Radius

Relative Recons. Error

Hanbaek Lyu (UW-Madison)

A very flat nonconvex problem (NMF)

. . Synthetic
Synthetic Synthetic 0 Y
0 1004 -4-- BMM(p=1 —— BMM-DR(p=1
10" 4 —— MU —4— BCD-DR (p=0) 10 —— BMM(p=1) —4— BMM (p = 200) :: BMM:"_ |:n LR ip_”’n
—— BCD(p=0) —— BMM-DR(p=1) , —+— BMM (p=10) —+— BMM-DR(p=1) 107" ] p= I DRp=
-l 10
10 1\W —— BMM(p=1) —4— BMM (p = 100)

g £10° 1

il =

4 210"

3 Q

3 3

= =10

2 Z

.‘: = ,5

= = 1071

o =2
10° 4
1074

0.00 0.02 0.04 0.06 0.08 0.00 0.05 0.10 0.15 0.20 0.00 0.02 004 006 008 0.10 0.12 014 016
Elapsed time (s) Elapsed time (s) Elapsed time (s)

MU=Multiplicative Update
BCD = Block Coordianate Descent
BMM = Block Majorization-Minimization (in this case BCD+prox. Reg.)




A few words about measures of stationarity..

» 0" € Interior(@) is stationary for F = f + p iff [|[Vf(8%) + dp(8™)|| =0
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A few words about measures of stationarity..

» 0" € Interior(®) is e-stationary for F = f + p iff ||[Vf(0*) + ap(8*)|| < €

» 0% €0 is stationary for F = f + p iff
sup  (—=Vf(67) —9p(0”), 6 —6") <0

0€0,(6-6"|<1
iff  dist(0,0F(0") + Ne(0™)) <0
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A few words about measures of stationarity..

» 0" € Interior(®) is e-stationary for F = f + p iff ||[Vf(0*) + ap(8*)|| < €

> 0" €0 is e-stationary for F = f + p iff dist(0,0F(0%) + Ne(0")) <€ ??

» Davis & Drusvyatskiy in SIOPT 2019

“This s a highly discontinuous
measure and hard to work with”

»  Our proposal: 8* € O is e-stationary for F = f + p iff

sup V(07,0) :=(-Vf(07),0—-0")+p(0") —p(0)| < €

6cO,|6-6%| <1 ‘

"p is non-smooth, so use objective
value gap instead of sub-gradient”
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A few words about measures of stationarity..

» 0" € Interior(®) is e-stationary for F = f + p iff ||[Vf(0*) + ap(8*)|| < €
dist(0, 0F(0™) + Ne(0¥)) < € ?7?

» Davis & Drusvyatskiy in SIOPT 2019

“This s a highly discontinuous
measure and hard to work with”

» 0" €0 is e-stationary for F = f + p iff

»  Our proposal: 8* € O is e-stationary for F = f + p iff
sup V(67,0) :=(-Vf(6),0—-0")+p(6") —p(0)| <€
6€®, [6—6"| <1 ‘

_ , _ “p is non-smooth, so use objective
* €= 0iff stationary point value gap instead of sub-gradient”

« |If pis continuous (but still non-smooth),
V is continuous

Hanbaek Lyu (UW-Madison)



A geometric approach:

Riemannian Optimization

Tangent planes!

Hanbaek Lyu (UW-Madison)



Riemannian manifolds

« Parameter spaces often has some intrinsic, low-dimensional geometric
structures

* (r-dim) Riemannian manifold

= Smooth surface in RP where every point has r-dim tangent spaces

* Low-rank matrix manifolds

.. * Orthogonal frames

* PSD matrices

*  DNNs with spectrum-constrained
matrix weights

Hanbaek Lyu (UW-Madison)



Riemannian manifolds

« Parameter spaces often has some intrinsic, low-dimensional geometric
structures

* (r-dim) Riemannian manifold

= Smooth surface in RP where every point has r-dim tangent spaces

Riemann Gauss
(1826-1866) (1777-1855)

Hanbaek Lyu (UW-Madison)



PGD on Riemannian Manifolds

(PGD) 0,11 < e (0, — a,Vf(6,))

* [lg: Projection onto O:

* Not always easy!
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PGD on Riemannian Manifolds

(PGD) 0,11 < e (0, — a,Vf(6,))

* [lg: Projection onto O:

* Not always easy!

* If@islow-dim (say r < p)

»  Work only with r-dim stuffs?
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PGD on Riemannian Manifolds

(PGD) 0,11 < e (0, — a,Vf(6,))

* [lg: Projection onto O:

* Not always easy!
* If@islow-dim (say r < p)
»  Work only with r-dim stuffs?

e For certain low-rank matrix

factorization problems, PGD with

rSVD as projection can be useful

[Lee, Lyu, Yao NeurlPS 23]
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Riemannian Gradient Descent
(RiemannianGD)  0,,, 1 < Rtrg_ (—a, grad f(6,,))

—Vf(x)

(Proj from T, > M)
* RGD = gradient descent within the tangent space + Retraction

Hanbaek Lyu (UW-Madison)



Riemannian Gradient Descent
(RGD) 0,1 < Rtrg_ (—a, grad f(6,,))

 Limitation: grad and Retraction can be expensive to compute
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Riemannian Gradient Descent
(RGD) 0,1 < Rtrg_ (—a, grad f(6,,))

 Limitation: grad and Retraction can be expensive to compute
[Li, Lyu, Balzano, Needell ICML '24, JMLR (minor revision) '24+]

(Inexact RGD) 9n+1 — ﬁa‘en (—an@f(en))

* It's OK to use approximate grad and Retraction

(Both mathematically and practically)
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Riemannian Gradient Descent
(RGD) 0,1 < Rtrg_ (—a, grad f(6,,))

 Limitation: grad and Retraction can be expensive to compute
[Li, Lyu, Balzano, Needell ICML '24, JMLR (minor revision) '24+]

(Inexact RGD) 9n+1 — ﬁa‘en (—angl‘:af(en))

* It's OK to use approximate grad and Retraction

(Both mathematically and practically) Block version too!

Compressed Sensing (p =0.5) Compressed Sensing (p = 0.75) Low rank matrix recovery (9 = 0.5) Low rank matrix recovery (0 = 0.5)
o
0 o —— tBMM 10° —— Inexact RGD (¢ = 100)
10 —+— NIHT [TW13] 1 1 —— Inexact RGD (¢ = 10)
_ 107! [ 10 10 act RGD (¢ =1
5 5 10-3 nexact RGD (€= 1)
I c 5 02 5
- 10772 w E E
a s 1073 = =00
< % 3 4
g 103 S £10 £
@ -7 2 2
o & 10 2, =
g g £ 10 e
5107 2 107 5 Z10°
] © = 5 =2
E g 11 é 10 é
_ € 10
1075
—— tBMM of] —H Bam .
—— NIHT [TW13] 10-13 —4— Inexact tBMM
10-5 Jo7 | —H NHT[TW13]
T T 1 1 1
0.00 025 050 0.75 1.00 1.25 150 1.75 0005 10 15 20 25 000 025 050 075 100 125 150 175 0 2
Elapsed time (s) Elapsed time (s) Elapsed time (s) Elapsed time (s)
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Takeaways

« Cyclic Block Optimization is a simple and powerful paradigm for general nonc
onvex nonsmooth optimization
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Takeaways
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onvex nonsmooth optimization

« Alternating least squares — MF/NMF

« Sinkhorn's algorithm — Matrix Scaling / Entropic OT / Random Matrices

« BPGD is practically more robust than PGD
since they allow larger range of stepsizes

« BMM allows very flexible framework with use-designed surrogates

« The iteration complexity of BMM for the general case is 0(e¢™?)

« The implied constant blows up with “flat” surrogates

 BMM+Trust Region overcomes this limitation
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Takeaways

Cyclic Block Optimization is a simple and powerful paradigm for general nonc
onvex nonsmooth optimization

« Alternating least squares — MF/NMF

« Sinkhorn's algorithm — Matrix Scaling / Entropic OT / Random Matrices

« BPGD is practically more robust than PGD |
since they allow larger range of stepsizes

« BMM allows very flexible framework with use-designed surrogates

« The iteration complexity of BMM for the general case is 0(e¢™?)

« The implied constant blows up with “flat” surrogates

« BMM+Trust Region overcomes this limitation

« BMM is available on Riemannian manifolds with similar
theoretical guarantees

Hanbaek Lyu (UW-Madison)




Thank you very much!

Hanbaek Lyu (UW-Madison)



Students and Postdocs
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